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POSITIVE SOLUTIONS
OF A SINGULAR FRACTIONAL
BOUNDARY VALUE PROBLEM
WITH A FRACTIONAL BOUNDARY CONDITION

Jeffrey W. Lyons and Jeffrey T. Neugebauer

Communicated by Theodore A. Burton
Abstract. For a € (1, 2], the singular fractional boundary value problem
Dgix+ f (t,z, Dl x) =0, 0 <t <1,
satisfying the boundary conditions z(0) = DngI(l) =0, where g € (0,a—1], p € (0, — 1],
and Dgy, Dg . and Dg . are Riemann-Liouville derivatives of order o, 8 and p respectively,
is considered. Here f satisfies a local Carathéodory condition, and f(¢,z,y) may be singular
at the value 0 in its space variable z. Using regularization and sequential techniques and

Krasnosel’skii’s fixed point theorem, it is shown this boundary value problem has a positive
solution. An example is given.

Keywords: fractional differential equation, singular problem, fixed point.

Mathematics Subject Classification: 26A33, 34A08, 34B16.

1. INTRODUCTION
For o € (1,2], we consider the singular fractional boundary value problem
Dz + f (t,z,Diix) =0, 0<t<1, (1.1)
satisfying the boundary conditions
2(0) = DY, z(1) = 0, (1.2)
where 3 € (0,0 — 1], pp € (0, — 1], and D, DOB+ and D{j, are Riemann-Liouville

derivatives of order a, 5 and p respectively. Here f satisfies the local Carathéodory
condition on [0,1] x D, D C R?, (f € Car([0,1] x D))and f(t,z,y) may be singular at
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the value 0 in its space variable x. By a positive solution, we mean x satisfies (1.1),
(1.2) and z(t) > 0 for t € (0,1].

The study of fractional boundary value problems has seen a tremendous expansion
in recent years motivated by both general theory and physical representations and
applications. For the reader interested in such works, we refer to [2,4,7,8]. Of interest
to the work presented, we point to research investigating the existence of solutions to
fractional boundary value problems [1,6,9-12].

In [1], the authors proved the existence of at least one positive solution to the
Dirichlet boundary value problem

Dgix + f(t,x, Dy, x) =0,
z(0)==2(1) =0

with a € (1,2), > 0 and o — o > 1 using Green’s functions and the Krasnosel’skii
fixed point theorem after placing certain conditions upon f.

Our aim in this work is to use the same differential equation, but instead of
Dirichlet boundary conditions, we incorporate fractional boundary conditions, 2(0) =
Dg+x(1) = 0 with 8 € (0, — 1]. Recently, the Green’s function for (1.1), (1.2) was
found in [3] which affords us the opportunity to utilize operators and an application of
Krasnosel’skii’s fixed point theorem . Since f might have a singularity in the function
space at x = 0, we must also use regularization and sequential techniques.

In section 2, we introduce definitions, assumptions, and define a sequence of func-
tions, { f,}, to handle the possible singularity at 2 = 0. Section 3 is where one will find
the Green’s function and its associated properties along with the Krasnosel’skii fixed
point theorem. Additionally, we prove the existence of a sequence of positive solu-
tions, {z,(t)}, to the auxiliary problem. Finally, in section 4, we make the jump from
a sequence of auxiliary solutions to a positive solution z(t) of (1.1), (1.2). We conclude
with an example.

2. PRELIMINARY DEFINITIONS AND ASSUMPTIONS

We start with the definition of the Riemann-Liouville fractional integral and fractional
derivative. Let v > 0. The Riemann-Liouville fractional integral of a function x of
order v, denoted If, u, is defined as

Beat) = 55 [ (€= 9" a(o)is
0

provided the right-hand side exists. Moreover, let n denote a positive integer and
assume n — 1 < a < n. The Riemann-Liouville fractional derivative of order « of the
function x : [0, 1] — R, denoted D, x, is defined as
t
e 0 [ sy a(s)ds = DI ()
I'(n— «a)dt B s = ot T
0

provided the right-hand side exists.
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We will make use of the power rule, which states that [2]

F(I/l + ].)
F(l/l +1- VQ)
where it is assumed that v — v is not a positive integer. If vo — 17 is a positive
integer, then the right hand side of (2.1) vanishes. To see this, one can appeal to the
convention that m = 0 if 5 — 11 is a positive integer, or one can perform
the calculation on the left hand side and calculate

DgitVl = tV17V27 v1 > —1,v9 >0, (21)

prn=m) — g,
We say that f satisfies the local Carathéodory condition on [0,1] x D, D C R?, if
1. f(-yz,y) : [0,1] — R is measurable for all (z,y) € D;
f(t,-,+) : D — R is continuous for a.e. ¢t € [0, 1]; and
3. for each compact set H C D, there is a function @3, € L'[0, 1] such that
Itz y)] < onl(t),
for a.e. t € [0,1] and all (z,y) € H.

o

Throughout the paper,
1
= t dt, = t )
lell = [ lo®ldt, ol = max (o)
0

and
]| = max{[lz]lo, [ Dg- zllo}-
We assume the following conditions on f.
(H1) f e Car([0,1] x D), D = (0,00) x R,
li t =
Jim f(t,2,y) = oo,

for a.e. t € [0,1] and all y € R, and there exists a positive constant m such that,
for a.e. t € [0,1] and all (z,y) € D,

ft,z,y) =m.
(H2) f satisfies the estimate for a.e. t € [0,1] and all (z,y) € D,
[t z,y) <~(t) (q(z) + p(z) +w(lyl))

where v € L'[0,1], ¢ € C(0,00), and p,w € C[0,00) are positive, ¢ is nonin-
creasing, p and w are nondecreasing, and

1
a—1 _ mﬁ
O/V(t)q(Mt )i < o0, M = o

i P@) + (@)

T—00 X

=0.
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We use regularization and sequential techniques to show the existence of solutions
of (1.1), (1.2). Thus, for n € N, define f,, by

f(tx,y), x> 1/77‘7
f (t, %,y) x < 1/n,

for a.e. t € [0, 1] and for all (z,y) € D, :=[0,00) x R. Then f,, € Car(]0,1] x D,),

fn(taxay) - {

falt,2,y) = m,
for a.c. t € [0,1] and all (z,y) € D.,
fa(t,z,y) < () (q(1/n) + p(z) + p(1) + w(ly])),
for a.e. t € [0,1] and all (z,y) € D., and
fa(t,2,y) <7()(q(2) + p(z) + (1) + w(ly])),

for a.e. t € [0,1] and all (z,y) € D.

3. POSITIVE SOLUTIONS OF THE AUXILIARY PROBLEM
To use these techniques, we first discuss solutions of the fractional differential equation
D x4 fu(t,z,Dy,x) =0, 0<t<1, (3.1)

satisfying boundary conditions (1.2).
The Green’s function for —D§,u = 0 satisfying the boundary conditions (1.2)
is given by (see [3])

ta—l(lis)a—l—ﬂ B (tis)a—l 0<s<t<l
G(t,s) = { T T ’ (3.2)

PR
W7 0 S t S s < 1

Therefore, x is a solution of (3.1), (1.2) if and only if
1
/Gt $) fu(s,2(s), Dy, x(s))ds, 0<t<1.
0

Lemma 3.1. Let G be defined as in (3.2). Then
1. G(t,s) € C’([O 1] x [0,1]) and G(t,s) > 0 for (t,s) € (0,1) x (0,1);
2. G(t 5) < F(a for (t,s) €[0,1] x [0,1]; and

6ta 1

CEORCED) fort €10,1].

3. fG(t, s)ds >
0
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Proof.

1. G is continuous by definition. The proof that G(t,s) > 0 for (¢,s) € (0,1) x (0,1)
can be found in [3].

2. Next, we remark that since 0 < ¢t < 1 and o > 1, t*~! < 1. Also, notice that
since 0 < B <a-land 0 < s <1, (1-s*1F <1 SoG(ts) < ﬁ
for (¢,s) €[0,1] x [0, 1].

3. Now, for ¢ € [0,1],

1 t 1
a—1 _ Ja—1-p8 _ o\a—1 a—1/1 _ \a—1-p
/G :/t (1-29) (t—9) ds—f—/t ) ds
I(a
0

) I(a) I(a)

t
t

1
o~ 1 a 1—,8ds _ (t _ S)a—l
Jomores]
_tta—tla—p)
- D(a) ala-8)
But for t € [0,1], @ — (ta — B) > B. Therefore,

1
ot a—t(a—p)
[t = 1 55
0
ﬁta—l
~(a=p)T(a+1)’
for ¢ € [0, 1]. O
Define

1
Qnz(t) /G t,s) fn(s,x(s), Df x(s))ds, 0<t<1.
0

Let X = {z € C[0,1] : D{,z € C[0,1]} with norm || - || defined earlier. Notice X is
a Banach space. Define a cone P in X as

P={xeX:z(t)>0fortel01]}.

Note if 2z € P is a fixed point of @, then z is a positive solution of (3.1), (1.2). To
that end, we will use the well-known Krasnosel’skii Fixed Point Theorem, which is
stated below, to show the existence of positive solutions of (3.1), (1.2).

Theorem 3.2 (Krasnosel’skii’s Fixed Point Theorem [5]). Let B be a Banach space,
gnd let PC X bea cone in P. Assume that Q1, Qo are open sets with 0 € Qq, and
Q1 CQo. Let T : PN (Q2\Q1) = P be a completely continuous operator such that

ITul] > ||u|l, we PNoQ, and |[Tu|| < ||u|l, ue P NIQy.
Then T has a fized point in P N (Q2\Q1).
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Lemma 3.3. Let (H1) and (H2) hold. Then @, : P — P and Q. is a completely
continuous operator.

Proof. Suppose that x € P. Then,

1
/G (t,8) fn(s,x(s), Dfx(s))ds.
0

From Lemma 3.1 (1.), G(t,s) is continuous and nonnegative on [0,1] x [0,1].
So Qnz € C]0,1]. Also, by using (2.1),

1
1

(Df+ Qn)z(t) = Tla— 1) tompt /(1 —s)e Al f, (s,2(s), Dhyx(s)) ds
0

t

— /(t — ) nmlf, (s,x(s), Dg+z(s)) ds |,

0

and so D{j, Qnz € C[0,1]. So @, : X — X. By (H1) and the definition of f,(t,z,y),
we have f, (s,z(s), Dy, x(s)) = m > 0 for a.e. t € [0,1]. Therefore, for z € P,
Lemma 3.1 (1.) gives that @,z(t) > 0 for ¢ € [0, 1]. Thus, @, : P — P.
Next, we show that @, is a continuous operator. To that end, let {zx} C P be
a convergent sequence such that limy_,o |2k — || = 0. Then, lim_,o 25 (t) = ()
uniformly on [0, 1] and limy_,c Dy; 2% (t) = D, 2(t) uniformly on [0,1]. Also, = € P.
Let

pe(t) = fo (t,zi(t), Dhiaw(t)),  p(t) = fult,z(t), Dy, x(t)).

Then, limg o0 p(t) = p(t) for a.e. t € [0,1]. Since f,, € Car([0,1] x R?) and {z}} and
{DE, x}} are bounded in C[0,1], there exists ¢ € L'[0, 1] such that m < pi(t) < ¢(t)
for a.e. t € [0,1] and all k € N. By the Lebesgue Dominated Convergence Theorem,

hm /|pk s)|ds = 0.

By Lemma 3.1 (2.),

(@) = (Qu))] < s [ loule) = plo)lds
0
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Therefore, limg_, oo (Qnz)(t) = (Qrx)(t) uniformly for ¢ € [0, 1]. Also,

1
1

(D« Quw) (1) — (D @n) (t)] < Tla—p) ta_”_l/(l—S)“_ﬂ_llpk(S)—,0(8)|d8
0

So, limg_oo(Dys Qnar)(t) = (DhQnx)(t) uniformly for ¢t € [0,1]. Thus,
|Qnar — Qnz|| — 0 and hence, @, is a continuous operator.

For W € R*, define W = {z € P : ||z|| < W} to be a bounded subset of P. Let p
be as before. Then there exists a ¢ € L'[0,1] with m < p(t) < p(t) for a.e. t € [0,1]
as before. Since, for z € W,

1 wm
(Qu)(®)] < —— [ (s 7
I‘ 0/ )
and
2 2l
(D8, Qua) (1)) < ——2— [ p(s)ds = —2I_
0 Do — p) O/ Do — p)

it follows that {Q,z : « € W} and {Df, Qnz : € W} are uniformly bounded. Next,
let 0 <t; <ty <1. Then for x € W,

1
@mw—%wnsinashﬁw/uﬂw+%@w

t1

+ [ (2= 5)"7" = (t1 = 5)°7") @(s)ds
[

+ (ty — 1)t /(p(s)ds

t1
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and

|(Dg+ Qu)(t2) — (Dyy Qua)(t1))

1
1
< ta—,u—l a n— 1 / a B—1 d
- (( 5 O o(s)ds

s [ (=927 = (0= ) ) lopds + (12— )" [ o)
0 t1

Thus, with the appropriate choice of J, it can be shown that for ¢ > 0, if
ty — 11 <0, |Qna(ts) — Qna(ty)| < e and |(Df, Qnx)(t2) — (Dh:Qnx)(t1)| < €. There-
fore, {Qnz:2 € W} and {D},Qnz : © € W} are equicontinuous, and by the
Arzela-Ascoli theorem, @, is a completely continuous operator. O

Lemma 3.4. Let (H1) and (H2) hold. Then (3.1), (1.2) has a positive solution x*
with z*(t) > Mt*~! fort € [0,1].

Proof. Define Q; = {z € X : |jz|| < M}. Then for z € PN JQ; and ¢ € [0, 1],

(Qua)(t) = [ G(t,8)fy (s,2(s), Dy (s / (t,s) > Mo,
0

o—__

So ||@nzllo > M. Consequently, ||Qnx| > ||z| for x € P N OSYy.
Next, notice that for z € P and ¢ € [0, 1],

(Qua)(t)] < / 7(s) (g (1/n) + p((s)) + p(1) + w (| DL, 2(5)])

IN

0
(2 (1/n) +p(ll2llo) +p(1) +w (|| DF: 2[|,)) 171 -

Also, for z € P,

1D} (Qua) ()] = |

1
a—p—1 aﬁl S, T T
o | / o (5, 2(5), Dir(s))

- / (t— $)2 L f, (5, a(s), Dy a(s))
0

2
< a5 @/ plllo) +p(1) + e (1Dgll,)) I e
So for K = max { 5. ridp |-

1@nxll < K (g (1/n) + p(llz])) +p(1) +w (llz])) 17z
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p(z) +w(z)

K (q(1/n) +p(S) +p(1) +w(5)) 7]z < S.

Let Qp = {z € X : ||z|| < S}. Then [|Quz| < [|z|| for z € PNOQ2.
It follows from Theorem 3.2 that @, has a fixed point z* € P N (£22\€;). Conse-
quently, (3.1), (1.2) has a solution z* with ||z*|| > M. O

for x € P. Since lim,_, = 0, there exists an S > 0 such that

4. POSITIVE SOLUTIONS OF THE SINGULAR PROBLEM

Lemma 4.1. Let (H1) and (H2) hold. Let x, be a solution to (3.1), (1.2). Then
the sequences {xn} and {D, x,} are relatively compact in C[0,1].

Proof. Similar to the proof of Lemma 3.3, we use Arzela-Ascoli to show these
sequences are relatively compact. Note that

1
/G (t,8) fn (5, @0 (s), D wy(s)) ds
0

and

1
1 [ )5 (o), D)
0

— /(t —8)* L (s, 20(8), DY (s)) ds

0

for t € [0,1] and n € N. It follows from the proof of Lemma 3.4 that z,,(t) > Mt>~1
for all ¢ € [0,1], n € N. But

Ju (t 20 (t), Dgsan(t)) < (1) (9(@a(t)) + plan(t)) + p(1) +w (| Dy za(t)])) -

It was assumed that ¢ is nonincreasing and p and w are nondecreasing. Therefore,

Fa(ts@n(t), Diran(t)) < v()(a(MtY) + p(lznllo) + p(1) + w((IDg+2allo)

This implies

n(t) < ﬁ O/v(t)qu\/fto‘1)dtvL (p(llznllo) + (1) + w([ Dgsznllo)lIVL |

and
Dy n(t)

Y(&)a(MtTHdt + (p(lzallo) + (1) + w1 Dgsznllo) VL] -

O\H
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1
for all ¢ € [0,1] and n € N. Note it was assumed that [~(¢)g(Mt* 1)dt < oo.
0

Therefore, by again setting K = max {ﬁ, ﬁ},

leall < K

/7 Mt Ydt + (p(||allo) + p(1) + w(||Duzn o) V]|
0

p(@) +w()

T

for n € N. Since lim;_, = 0, there exists an S > 0 such that

K /7 Ja(MteV)dt + (p(v) + p(1) + w())|llz| < S,

for each v > S. Thus ||z, || < S for n € N and the sequences {x,} and {Df z,} are
uniformly bounded in C|0, 1].

Now, we show the sequences {x,,} and {D{, x, } are equicontinuous in C[0, 1]. Let
0 <ty <ty < 1. Using the fact that

0 < fu(t,zn(t), D @a(t)) < v(O)(@(Mt*~Y) 4 p(S) + p(1) + w(S)),
we have

|2 (t2) — zn(t1)]

1
<T(a) [ (571 =697 /(1 =) 1P (y(s)(@(Ms*7Y) +p(S) + p(1) + w(S)))ds
0
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and

|(Dgswn)(t2) — (DEy ) (t1)]

J =97 0 a2 4 p(8) + pl1) + (S))ds

t1

+ / ((t2 =) = (81— 5)*7*71) (V) (@(M ™) + p(S) +p(1) +w(S5)))ds
0

it = )" ()M 4 5(S) + pl1) +0(5)))ds
31
Thus, with the appropriate choice of §, it can be shown that for € > 0, if t; —t; < 6,
|xn(t2) — z,(t1)] < € and |(D0+xn)( 2) — (Dfixn)(t1)] < e. Therefore, {z,} and

{D}, x,} are equicontinuous in C[0, 1]. So {x,} and {D/, x,,} are relatively compact
in C0,1]. O
Theorem 4.2. Let (H1) and (H2) hold. Then (1.1), (1.2) has a positive solution x
with z(t) > Mt~ fort € [0,1].

Proof. From Lemma 3.4, (3.1), (1.2) has a positive solution for each n € N. Call
these solutions x,,. From Lemma 4.1, the sequence {x,} is relatively compact in X.
Therefore, without loss of generality, there exists an x € X with lim, ,x, = =
uniformly in X. Consequently, x € P, x(t) > Mt*~! for t € [0,1] and

Wi fo (20 (), Dl (1)) = f(t, (), Dl (),

for a.e. t € [0,1]. Since

1
0 < G(t, ) fn(wn(s), Do n(s)) < @7(8)(61(1\48“_1)+p(5)+p(1)+W(5)) € L'[0,1]
for a.e. s € [0,1] and all ¢ € [0,1], n € N, it follows from the Lebesgue Dominated
Convergence Theorem that

1

lim [ G(t,5)fu(@n(s), Dy an(s))ds = /G(t,s)f(t,x(t),Dg+x(t))ds.
0

n—00
0

Since )
xn(t) = /G(t,s)fn(s,zn(s),D6‘+m7,,(s))ds,
0

for ¢ € [0, 1],
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o(t) = [ G(t,9)f(t,(t), Dl x(t))ds,
0

for ¢ € [0,1]. Thus, z is a positive solution of (1.1), (1.2). O

5. EXAMPLE

Example 5.1. Fix a € (1,2], 8 € (0,a—1], p € (0,a — 1]. Let 4,k € (0,1),
VRS (0, ﬁ) Define

_ 1 i, 1 k
f(t7$7y)—2t_1|($ —i—;—i—\yl )

Additionally, set v(t) = \/ﬁ, q(z) = &, p(z) = 2°, w(y) = y*, m =1 and

M= —25
CEENCESVE
Notice that for ¢ € [0,1] \ {3} and (z,y) € (0,00) x R,

1
V]2t — 1]

Hence f satisfies condition (H1). Also, f(t,z,y) = ~(t)(¢(z) + p(z) + w(|y|),
v € LY0,1], ¢ € C(0,00) is nonincreasing, and p,w € C[0,00) are nondecreasing.
Last,

¢ M—ig—ila=D)
/ METT 74t < oo,

V2E—1]

since j(a—1) < 1, and
.tk
lim
T—r 00 X

since 4,k € (0,1). So (H2) is also satisfied. Thus, Theorem 4.2 provides that there is
at least one positive solution x(t) to the fractional differential equation

:O’

1 . 1
o 7 n k
Dgrx + 7|2t 1 (ac +—=+ | Dy x| > =0,

satisfying
2(0) = DY, (1) = 0.

Further, for ¢ € [0, 1],
ﬂta—l

W e
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