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Abstract

We show that noncommutative standard reality-based algebras (RBAs) of dimension 6
are determined up to exact isomorphism by their character tables. We show that the possible
character tables of these RBAs are determined by seven real numbers, the first four of which are
positive and the remaining three real numbers can be arbitrarily chosen up to a single exception.
We show how to obtain a concrete matrix realization of the elements of the RBA-basis from
the character table. Using a computer implementation, we give a list of all noncommutative
integral table algebras of rank 6 with orders up to 150. Four in the list are primitive, but
we show these cannot be realized as adjacency algebras of association schemes. In the last
section of the paper we apply our methods to give a precise description of the noncommutative
integral table algebras of rank 6 for which the multiplicity of both linear characters is 1.

Key words : Table algebras, Reality-based algebras, association schemes, character tables.
AMS Classification: Primary: 05E30; Secondary: 05E10,16599.

1 Introduction

An algebra with involution over the complex field C is an algebra A over C that is equipped with
a C-conjugate semilinear involution * that satisfies (ax)* = az* and (zy)* = y*z* for all a € C
and z,y € A. Here & denotes the complex conjugate of o € C. A reality-based algebra (or RBA)
(A,B) consists of a finite-dimensional algebra with involution A over C that has a distinguished
basis B = {bo, by, ..., b._1} satisfying the following properties:
(i) bp = 14 is the multiplicative identity of A;
(i) B* C RB, in particular all of the structure constants \;j; generated by the basis B in the
r—1
expressions b;b; = > A;xby are real numbers;
k=0

(iii) B* = B, so * induces a transposition on the set {0,1,...,7 — 1} given by b = (b;)* for all
b; € B;

(iv) Aijo # 0 if and only if j = ¢*; and
(V) >\ii*0 = )‘i*i(] > O

*The first author was supported by an NSERC Discovery Grant.
tThe second author was supported by the Wilson Endowment of Eastern Kentucky University.
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We will refer to the distinguished basis B of an RBA (A, B) as an RBA-basis. The dimension r is
called the rank of the RBA.

Reality-based algebras were introduced by Blau in [§] in order to collect several generalizations
of group algebras appearing in the literature into a single definition. Examples of RBAs beyond
the elementary group algebra (CG, ) example that are more-or-less well-known include Brauer’s
pseudogroups, Kawada’s C-algebras, table algebras (both commutative and noncommutative), and
the Bose-Mesner algebras of finite association schemes (both commutative and noncommutative)
(see [, [2], [6], and [25]). Table algebras correspond to RBAs for which all structure constants \;jj
relative to the RBA-basis are nonnegative. A table algebra is realized by an association scheme when
the RBA-basis can be realized as the set of adjacency matrices of the relations in an association
scheme.

An RBA (A, B) has a positive degree map when there is a one-dimensional algebra homomor-
phism § : A — C such that §(a*) = 6(a) for all a € A and §(b;) > 0 for all b; € B. When the RBA
(A, B) has a positive degree map &, we will say that the distinguished basis B is an RBA’-basis.
An RBA%-basis B can be positively rescaled to arrange that d(b;) = My« for all b; € B. This
6(bs)
Aii=0
the standard RBA?-basis. Two standard RBA?- bases B and D of the algebras with involutions A
and C' are in exact isomorphism when there is a bijection 7 : B — D for which the linear extension
of 7 is an algebra isomorphism. To classify the RBA-bases of algebras with involutions that have a
fixed one-dimensional algebra representation, one needs to distinguish the standard RBA-bases up
to exact isomorphism.

The main results of this article provide a complete characterization of noncommutative 6-
dimensional RBAs which admit a positive degree map. We show that every such algebra is isomor-
phic (as abstract algebra) to C @ C @ M,(C) and then we characterize the standard RBA%-bases of
the algebra A = C & C & M,(C) up to exact isomorphism. This is a follow-up to a similar charac-
terization by the authors of standard RBA?-bases of the noncommutative 5-dimensional semisimple
algebra [I§]. In Section 2 we review the character theory of RBAs with positive degree maps, intro-
duce the standard feasible trace, and give character-theoretic formulas for the centrally primitive
idempotents of RBAs with positive degree maps. In Section 3 we characterize the standard RBA?’-
bases of the 6-dimensional noncommutative semisimple algebra A. We show that the standard
RBA?-bases of A are determined by their character tables. We show that the standard RBA’-basis
is determined by the values of 4 and the other irreducible linear character ¢. We describe the possi-
bilities for these character values, showing the values of ¢ are arbitrarily positive, and the values of
¢ are freely determined up to a ratio condition. We obtain a matrix realization of the standard basis
elements. In Section 4 we use a computer implementation to generate a list of all noncommutative
integral standard table algebras of rank 6 up to order 150. Some of the examples we generate are
unexpectedly primitive, so in Section 5 we show these do not arise from association schemes. In
Section 6 we describe all noncommutative table algebras of rank 6 for which both irreducible linear
characters have multiplicity 1.

rescaling is achieved by the unique map b; — ——=b; for all b; € B. This unique rescaling is called

2 Character theory of RBAs

Being a finite-dimensional algebra with involution over C, the algebra A appearing in an RBA is
always semisimple (see |20, Theorem 11.2]). Also crucial to our discussion is the existence of a
feasible trace, which is a linear map t : A — C for which t(zy) = t(yz) for all x,y € A. It is easy to
see from the RBA definition that the map given by (>, a;b;) = ay, for all elements . a;b; of A
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expressed in terms of the distinguished basis B with coefficients in C, is a feasible trace.

Now suppose (A, B) is an RBA with a positive degree map d, and suppose B is the standard
basis. The positive number n = ). 0(b;) is called the order of the RBA (A4, B). A normalization of
our initial feasible trace produces the standard feasible trace of (A, B), which is given by 7(>, aib;) =
nay, for all Y. a;b; € A. The standard feasible trace induces a sesquilinear form on A, given by

(r,y) = T(zy"), for all x,y € A.

(Here “sesquilinear” means it is a real bilinear form that is C-linear in the first variable and C-
conjugate-linear in the second.) This form is particularly useful for calculating structure constants
in an RBA with positive degree map ¢, since when the RBA?-basis is standard, we have

Nijk = (bibj, by, for all 0 <i,j,k <r—1. (1)

1
Since A is finite-dimensional and semisimple, any feasible trace can be expressed as a linear com-
bination of the irreducible characters of A (see [19, Proposition 5.1]). Let Irr(A) be the set of
irreducible characters of A, and let 7 = erhr( A) My X be the expression of the standard feasible
trace as a linear combination of irreducible characters of A. The coefficients m,, in this expression
are called the multiplicities of the RBA. It is always the case that ms = 1 |8 Proposition 2.21] and
m, > 0, for all x € Irr(A) (see [8, Lemma 2.11]).

Since A is semisimple, we have that for each x € Irr(A), there is a unique centrally primitive
idempotent e, of A such that x(e,) # 0, and for this idempotent we have that x(e,) = x(bo)
is a positive integer. With respect to our C-conjugate-linear involution, the centrally primitive
idempotents satisfy (e, )* = e,, for all x € Irr(A) [8, Proposition 2.9]. In particular this implies the
simple components of A are k-invariant. Important for us will be the character-theoretic formula
that expresses the centrally primitive idempotents e, in terms of the RBA’-basis B, which was first
established in this generality in the work of Higman [19, §5]: for all x € Irr(A),

e *)bl (2)

n
=0

One can see from this formula that x(b;s) = x(b;), for all b; € B and y € Irr(A). When the
RBA%-basis B is standard, we have §(b;) = \j=q, for all i = 0,1,...,7 — 1. Also important for us
will be the orthogonality relations: for all ¥, xy € Irr(A),

(ey) = 0 unless ¢ = x, and in that case (ey) = 1 (bo).

3 Noncommutative standard RBA’-bases of rank 6

Let us assume for the moment that (A, B) is a noncommutative 6-dimensional RBA with positive
degree map 6, and that B = {by = 14, by, by, b, by, b5} is its standard RBA%-basis. Let 7 be the
standard feasible trace, so we have from Section 2 that 7(z*z) > 0 for all z € A. Let Irr(A) =
{6, ¢, x}, where ¢ is the other linear character of A and y is the irreducible character of degree 2.
Again from Section 2 we have that 7 = 0 +my¢ + m,x with positive multiplicities m, and m,. We
denote the values of §, ¢, and x on B by 6(b;) = d;, ¢(b;) = ¢, and x(b;) = x; for each b; € B, for
1=0,1,...,5. In particular, 60 = 1, ¢9 = 1, xo = 2 and dy,...,05 > 0. The values of ¢ on B are



necessarily real as the complex conjugate of ¢ is itself, and the values of x on B must also be real
as it is the unique irreducible character of degree 2.

Since the real subalgebra RB is a semisimple 6-dimensional noncommutative algebra over R, it
has a unique noncommutative simple component, which is isomorphic to either Ms(R) or H (the
algebra of real quaternions). We begin by excluding the latter case. The transpose of a matrix M
is denoted by M.

Lemma 1. Let (A, B) be a noncommutative reality-based algebra of rank siz with an RBA’-basis
B. Then the algebra RB is isomorphic to R & R @ My(R) and, up to a change of basis, * acts on
My (R) as matriz transposition. In particular, B has ezxactly four *-invariant elements.

Proof. Since A is non-commutative, the basis B contains at least one pair b;, b} of non-symmetric
elements. Therefore the number of *-fixed elements of B is either 2 or 4. In the first case the
dimension of *-invariant subspace of RB is 4 while in the second one it is equal to 5. Suppose
first that RB =2 R & R ¢ H. The noncommutative simple component of RB is *-invariant, and
in particular 1j; = 1g. Since the dimension of the *-invariant subspace of RB is at least 4, there
exists a purely imaginary unit quaternion ¢ € H such that ¢* = ¢. On the other hand, since ¢ is
purely imaginary, ¢ = —¢. Therefore for this ¢ we have ¢*¢ = —1y. But then 7(¢*¢) = m,x(¢*q) =
—myx(1m) = —m,x(1) < 0, so this is a contradiction. This excludes the case of RB =2 R &R ¢ H,
so we must have that RB ~ R @ R & M, (R).

Let A : RB — M3(R) be the two-dimensional irreducible representation of RB given by pro-
jection to the component My(R), which affords the character y. We have that A(z*)T is a 2-
dimensional irreducible representation equivalent to A. Thus there exists an S € GLy(R) such
that A(z*)T = S71A(z)S. Equivalently, A(z*) = STA(x)"(S71)". Substituting z* for x in
A(x*) = STA(z)"(S71)T, we obtain that

A(z) = STA@@) (57" = (STSTHA()(STST) 7,

for each x € RB. Combining this together with A(RB) = M,(R) we obtain that S~1ST = al, for
some a € R. It follows from ST = aS and (ST)" = S that o = &1, i.e. S is either symmetric or
antisymmetric.

0 a
—a 0
case the map X — SXTS™1 X € My(R) has a one-dimensional space of fixed points. So, in this
case the dimension of the *-invariant subspace of RB is three, a contradiction.

Assume now that S is symmetric. Then S = PTDP for some D € {Iy, Diag(1,—1),—I5}
and P € GLy(R). Replacing A(z) by the equivalent representation Y(x) := (P71)TA(z)P" we
obtain ¥(z*) = DX(z)"' D! If D = +£I,, then we are done. It remains to deny the case of
D = Diag(1,—1). Consider the standard feasible trace 7(x) for x € RB. Since 7(x) = d(z) +
meo(z) + myx(z) for all x € A, and 0(e,x) = ¢(e,x) = 0 for all x € A, we must have that for all
T €A,

Assume first that S is antisymmetric, that is S = } A direct check shows that in this

x(#2) = x((ex2)(ex@)") = mixv«exx)(emw >0,

In particular, tr(A(z)A(z*)) = x(zz*) > 0 for all x € RB. Since ¥ : RB — M;,(R) is an
epimorphism, we conclude that tr(XDX"D™') > 0 holds for all X € My(R). Now choosing

X = [(1) (1)} we get a contradiction. O



By Lemma [Il we can replace A by an isomorphic image R @ R @& M,(R). Any standardized
RBA%-basis of A is of the form

B = {bo = (17 17 BO)7 bl == (517 ¢17 Bl) == bT7 b2 == (627¢27 BQ) == b§7 (3)
b3 - (5?” ¢3a B3) = b;a b4 = (64a ¢4aB4)a b5 = bz - (647¢4a BI)}?

with By = I, By, By, Bs, and By all being 2 x 2 real matrices. Here §; = 6(b;) for i = 0,...,4,
where ¢ is the positive degree map, and the ¢; = ¢(b;) for i = 0,...,4 are the values of the other
linear character ¢ of A on B. If x is the irreducible character of A with degree 2, then its values
on B are y; := x(b;) = tr(B;) for i = 1,2,3,4, and the map A given by A(b;) = B; fori =0,...,4
and A(bs) = B/ defines a real representation of A that affords y.

The goal of this section is to give necessary and sufficient conditions for two lists of real numbers
10, 6] = [(01,...,04), (¢1,...,b4)] to be the values of the degree map and the other linear character
of a noncommutative rank 6 RBA. We will show that, under these conditions, the two lists of values
10, 6] = [(01,...,04), (¢1,...,¢4)] completely determine the RBA up to a basis permutation and a
possible conjugation of the 2 x 2 real matrices B; by an orthogonal matrix.

Recall that the standard feasible trace 7 of A induces the sesquilinear form (x,y) = 7(zy*), for
all z,y € A. Since 7 = ¢ + mg¢ + myx, this form can be expressed as

(@, y) = 7(zy") = 6(x)0(y") + med(x)¢(y") + myx(xy”). (4)

Here x(xy*) agrees with the usual trace bilinear form on real 2 x 2 matrices. That is, if X and Y

are the images of x and y under a representation affording y, then x(xy*) = tr(X YT).
By [19, Formula (7.4)] the feasible multiplicity m,, of an irreducible character ) may be computed

: Wbl _ n _ ¥ _n N X9 —
via ), S w(l)mw. Therefore, ms = 1,3, 3 mor 2i 5 = 2 It follows from n = 7(by)
that n =1+ mg + 2m,.

Let E = {ey, ..., e5} denote a “standard” basis of the algebra R @ R & My(R):

€ = (170702>7 €1 = (071702>7 € = (OvouEll)a
€3 = (0707E22)7 €4 = (0707E12)7 and €; = (0707E21)7

where E;; are the standard matrix units of My(R). It follows from the definition of E that each
of the numbers d(e;e}), ¢(eie}), x(eie}) is zero whenever i # j. Therefore E is an orthogonal basis
with respect to the form ( , ) defined in ({l). Notice that B is an orthogonal basis with respect to
the same form.

Starting from now we assume that B = {b,...,b5} is an arbitrary basis of the algebra A =
R @& R @& My(R) which has form (B]). In what follows we denote by P(B) the transition matrix
between the bases E and B. That is, the j-th column of P(B) consists of the coordinates of b; in

the basis E: ;

bj = Z P(B);je;, where P(B);; is the (i, j)-entry of P(B).
i=0
Following the usual notation (for example, see [6]), we denote by (B) the matrix that satisfies
P(B)Q(B) = nlg, where n = ). 6; # 0. Thus



If B is a standardized RBA?-basis, then it is an orthogonal basis with respect to the bilinear form
(, ) defined in (#)). Computing (b;, e;) in two ways we obtain the following formula
Q(B)U _ P(B)]l (5)

m; 51

where m; 1= (e;, €;).
Let 0 := (0¢,01,...,05) € R® where each o; > 0. For u = (ugp, uy,...,us),v = (vg,v1,...,05) €
RS, define

(u,v)y 1= Zuiviai_l. (6)

Then (, ), is an inner product on RS.
Remark. Although the “only if” part of the theorem below may be directly deduced from
Higman’s paper [19], we prefer to give a direct proof here to make the paper self-contained.

Theorem 2. Let B := {b; = (0;,¢;, B;)|i = 0,....,5} be an arbitrary basis of the algebra A =
R ® R @ My(R), and P(B) the transition matriz between the bases E and B. Then B is an RBA°-
basis of A with respect to the involution (z,y, Z)* = (z,y,Z ") and the degree map 6((x,y,Z)) = x
if and only if the following conditions are satisfied (up to the renumbering of the elements of B).

(Z) 0; >0,i=0,....,5 and 6g = ¢g = 1, By = I>.
(ZZ) (235 :¢4,(55 :(54, BZT = BZ,Z: 1,2,3, and BZ :B5.

(i) Let n:=>,0;, ms =1, my = srsy and my = nTMe  Then

my >0 and (P(B);,P(B);), = —3d,, 0<ij<5,
m;
where P(B); is the i-th row of P(B), 0 <i <5, § = (d0,d1,...,05) (by abuse of the notation),
dij 1s the Kronecker delta, and my = ms, mi = mg, mg = - -+ = M5 = m,.

Proof. First, suppose B is an RBA%-basis of A with by = 14. Since the degree map § of A is the
projection on the first coordinate, the numbers d; are positive. Also by = 14 implies §p = ¢y =
1, B() = ]2. Thus (Z) holds.

It follows from Lemma [I] that B contains only two non-symmetric elements. Without loss of
generality we may assume that they are b4 and b;. Thus b] = by, b5 = by, b5 = b3, by = bs, bf = by,
and (1) holds.

Since E is an orthogonal basis, we can write

5

Sy, = (eq, ex) = n-? Z Q(B)iQ(B)ir(bs, bs).

i=0
Using (B]) we obtain that
5

_ m
(Sgkmk =n 2 Z 6—ZP(B)ZZ
i=0

%P(B)ki(néi).

Therefore,



That is,

(HBMP@M%z%%m 0<0,k<5.
4

Note that 7 = msd +myp+m,x, and m, > 0 (cf. [19]). It follows from ey = e5 that my = (es, €5) =
7(es) = 1 = my. The equality e; = ey implies that my = (e4, €4) = T(ep) = my. For each 2 <7 <5
we have m; = (e;, e;) = 7(e;ef) = myx(e;ef) = m,. This proves (iii).

Assume now that the basis B satisfies the assumptions (i)-(iii) of the theorem. Parts (i)-(ii)
of the assumptions imply that the basis B satisfies the first three axioms of an RBA’-basis. The
third assumption implies that P := P(B) satisfies the matrix equation M PA~'PT = nls, where
A and M are diagonal matrices defined via A;; = §;, M;; = m;. Therefore PTMPA~! = nls, and
consequently, PTMP = nA. Let P,” be the i-th row of P, 0 < i < 5. Then,

(P P"), =ndidy, 0<i,j<5,
where ¢ := (mg*,m;*,...,ms"). Note that

bibj- = PyPojeo + PiiPijer + (Po Poj + PyPyj)es + (Ps; Psj + P3i Psj)es
+(Py; Psj + Py Psj)es + (Ps; Poj + P3iPyj)es.

Since P = (1,1,1,1,0,0), my = mg = my = ms, and b;b; = >, Aij=xbr, we get that
(P PR, = ZAz’j*k (B Po"), = Nigo (B, P '), = ndigeo.
%

Thus, Ajj=0 = 0;0;5, 0 < 2,7 < 5. Furthermore, since d; = d;+, we have A« = X\j=jo = 0; > 0. So B is
an RBA’-basis. O

Denoting B; by [Z’ Z’} , we can write the transition matrix P := P(B) in the following form

bo b1 by b3 by bs
€0 1 51 52 53 (54 (54
et |1l @1 @2 @3 P4 @y
€9 1 W To T3 T4 T4 (7)
€3 1 Uy Uz U3 Ug Uy
€4 0 S1 S22 S3  S4 t4
€x 0 S1 S22 83 t4 Sy

Notice that es = ey, e, = € and e, = e +e3. It follows from the row orthogonality (Theorem P(iii))
that the sum of each row of P (except for the first row) is zero. In particular 1+¢;+@ps+¢3+2¢4 = 0.

We claim that it is impossible to have @ = ¢: for all ¢ = 1,2,3. If these ratios were all equal
to the same constant A, then the orthogonahty of the second and the third rows of P would imply

that ; .
0=1+ ¢md ' =1+A> m=1-2\
i=1 i=1

Thus, A = 1. But then all of the ¢; would be positive, a contradiction to that 1 + Z?Zl o; = 0.
Now we are ready to prove the main result of the section.



Theorem 3. Let 61,...,04 and ¢, ..., ¢4 be real numbers such that 6; > 0 for all i = 1,...,4 and
1+ (bl + ¢2 + ¢3 + 2¢4 = 0. Assume that (50 = 1, (55 = 54, (]30 = 1, ¢5 = ¢4, and ¢4/(54 §£ (bl/él fOT’
some i € {1,2,3}. Then there exist real matrices

r S T S T S T S
L [ e P

S1 Uy So U2 S3 U3 t4

such that the basis B = {b; := (0;, ¢, Bi) | 0 < i < 5} is an RBA®-basis of A.
Furthermore, the matrices By, By, ..., Bs are unique up to a conjugation by an orthogonal 2 X 2
matriz and a permutation of the indices of B; by an element of the group ((1,2),(1,2,3)) x ((4,5)).

Proof. First of all, let us fix the following numbers:

5
n n—1-—mgy
n = E 0iy, My = —g——5———, My i= ————.
= S o(e2/s) 2

Without loss of generality, for the rest of the proof we assume that ?—; #+ ?—:.
In what follows we will need the inequality m, > 0. For this reason let us first prove this
inequality. It is clear that m, > 0 if and only if m, < n — 1, which is equivalent to n < (n —

1) Z?:o(ﬁb?/(si)- Since 0g = ¢g = 1, we see that

m, >0 if and only if ;5—: > 1
The expression Zle ?—22 is a function of the real variables ¢; which satisfy ¢; + ... + ¢5 = —1.
Using the Lagrange multipliers, one can find that the minimal value of Z?Zl ?—j is ﬁ, and this

2
value is reached when the ratios ¢;/d;,i = 1,1...,5 are all equal to ——=. Thus, S ?— > L

——,%=1,..,5. But by the assumption, the equality
¢;/6; = —— is not satisfied for all ¢ € {1,...,5}. Thus, Zle ?—22 > -1 and hence m, > 0, as
desired.

To prove the existence of matrices B;, 1 < i < 4, such that B = {b; := (0;, ¢;, B;) | 0 <i < 5} is
an RBA%-basis of A, it is equivalent to prove that the transition matrix

and the equality holds only when ¢;/0; =

01 0y 03 04 04
b1 P2 Pz P1 Pu
™m T T3 Ty Ty
Uy Uz U3 Uy Uy
S1 S22 S3 S4 Uy
S1 S22 Sz lg S84

OO = = =

satisfies the condition (iii) of Theorem 2l Since any symmetric matrix is conjugate to a diagonal
matrix by an orthogonal matrix, we may assume that one of By, By, Bs is diagonal. So for the rest
of the proof, we assume that Bj is diagonal. That is, s; = 0.

By our assumptions the first two rows of P do satisfy the condition (iii) of Theorem 2. It remains
to find the other rows of P that will satisfy the condition (iii) of Theorem



Let P; be the i-th row of P, 0 <7 <5, and let

Fy
Py
Py — Ps
Py + P
Py —Ps

Let P! be the i-th row of P/, 0 < ¢ < 5. It is easy to see that P satisfies the condition (iii) of
Theorem 2] if and only if (7, P’)(; =0 for all ¢ # j, and

(B, Bi)s = . (PP = = (P Py = (P P)s = (PL P = (P Py)s = zmﬂx,
where by abuse of the notation, & = (Jo, d1, ..., Js5).
Since P} = (0,0,0,0, 84 —t, ts— s4), (P}, P5)s = 2;1~ if and only if P = £ g—%(o, 0,0,0,1,—1).
The choice of the sign is equivalent to the permutation by <> bs.
Thus it remains to find the third, fourth and fifth rows of P’. We take

1
Pg—l—Pg ::—((n,O,O,O,O,O)—m¢P1—Po).

my
(This choice follows from the equality by = es5 + €4 + e, ). Direct computation shows that
n
(Po+ P3,Py)s=(Pa+ P3,P1)s =0, and (Py+ P35, Po+ P3)s = Qm—.
X

Notice that the choice for P, + P; is unique, because its entries are the values of y.
Since the row Py + P5 = (0,0, 259, 283, S4 + 14, S4 + t4) is orthogonal to both Py and P;, we see

that 5 5 5
82+83—|—($4—|—t4) =0 and —282+—383+ &
P 03 04

But ¢3/03 # ¢4/94. So the above system has rank two, and therefore has a one-dimensional solution
space spanned by the vector

(84 + t4) = 0.

Oy 03 0y 04 03 09 O3 Oy
To satisfy the condition (Py + Ps, Py + P5)s = Qmix, one has to set Py + P5 := A\w, where A\ =

<00¢4 3 P2 s P32 @3 ¢2).

+ o (%le)a. The choice of the sign is free, because a different choice of the sign is equivalent to
. . |1 . .
the conjugation of B;’s by the matrix 0 (1)} . Notice that the above P, + P; is also orthogonal to

P, + P3, because P, + P is a linear combination of (1,0,0,0,0,0), Py and P;.

It remains to find Py — P3 = (0,71 — uy, 79 — Ug, 3 — U3, 'y — Uy, T4 — Uyg). From the orthogonality
conditions of the rows of P’ with respect to the inner product (, )5, we obtain the following system
of equations:

(r1—wuy) 4+ (ra —ug) + (r3 —uz) + 2(ry —uyg) =0
(7’1—U1) ? (TQ-U2)+¢3( 3—U3)+2@(T4—u4):0

(- §)<r2_u2>+(<§; ﬁg)(rg_u?,)m(% %) (ry — us) =0

3
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This system has rank three. Therefore, up to a sign there exists a unique solution u with (u,u)s =
2. We can chose either one to be our P, — P3. As before, a different choice of the sign is equivalent
X

to a conjugation by the matrix [(1) (1)] It is clear now that the above constructed matrix P’ also
satisfies the property (P, Pj)s = 0 for all i # j. So the theorem holds. O

A consequence of Theorem [3]is that every possible character table of a noncommutative rank 6
RBA from Theorem [ actually occurs.

Corollary 4. The possible character tables of noncommutative rank 6 RBAs with positive degree
map 6 are precisely those of the form

‘ bo bl b2 bg b4 b5 ‘ multzplwzty
0|1 61 09 03 04 041
11 ¢1 2 Q3 Py Py | Mg
X2 X1 X2 X3 X4 Xa|my

where
0; >0 fori=1,....4,
L4+ @1+ ¢+ @3+ 204 = 0, %%%fm’somelgig&
i 4

Mo Z(nz/&) and my = n_12_m¢’ where n =1+ 01 + 03 + 03 + 204, and

5 —medy
Xizimw,forzzl,l&él.

m

X
Conversely, any such character table determines a noncommutative rank 6 RBA up to exact
isomorphism.

Proof. This follows from Theorem [2] since we now know that every such set of parameters [(d;), (¢;)]
determines the standard basis of a noncommutative rank 6 RBA up to exact isomorphism. To
compute the values of x we use the fact that 0 = 7(b;) = 6; + mgyg; +myx; for i =1,2,3,4. O

In the above corollary, if the algebra is a standard table algebra, then |¢;| < §; and |x;| < 24;.

4 Examples

Using the results in Section Bl we have been able to use a computer to enumerate noncommutative
integral RBA’-bases of rank 6 of order n < 150. Since our main interest focuses on standard
integral table algebras, we restricted the parameters by the inequality |¢;| < &;,¢1 = 1,...,4 (see
[22, Proposition 4.1]), so our list includes all non-commutative standard integral table algebras of
rank 6 up to order 150. To achieve an enumeration for order n, we first find all feasible character
tables with integer entries. For each character table, we compute a standard RBA’-basis using the
procedure explained in Theorem ], then check for integrality of structure constants using ().

In this table, C,, represents a cyclic group (thin scheme) of order m, K,, represents a rank 2
scheme of order m, U,, and T}, represent symmetric and anti-symmetric rank 3 schemes of order m,
respectively. D,, denotes a table algebra of rank 2 having non-integral rational order m, and FE,, is
a noncommutative rank 5 RBA of order m. Extensions of a normal closed subset U are indicated by
UxT or U :T depending on whether or not the extension splits. Almost always the extensions of a
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table algebra by a table algebra results in a table algebra, but there are a few exceptions. Only in a
few circumstances do we know when a table algebra that is an extension of two schemes is realized
by a scheme. One new imprimitive family we encountered is a circle product of a noncommutative
rank 5 RBA with a rank 2 scheme, which we label with £ o K. As the order increases these occur
with increasing frequency, and so in the table only those E o K’s with order up to 50 are listed. In
some cases the RBA or table algebra our construction produces is primitive. Such examples were
not noted previously.

Table 1: Parameter Sets for Rank 6 RBAs of order < 150 with |¢;| < ;.

n | [0, ] (mg, my) | comments
6|[(1,1,1,1),(—1,-1,—-1,1)] (1,2) The group S5 ~ C3 x Co
10 | [(1,2,2,2), (~1,2,2, —2)] (1,4) Us % Cy, as10-10

14 1(1,3,3,3),(—1,-3,-3,3)] (1,6) T7 x Cy, as14-10

15| [(4,4,4,1),(—1,—1,—1,1)] (4,5) Cs5: K5, 3-array, as15-16
18| [(1,4,4,4), (~1,4,4, —4)] (1,8) Uy x Cy, as18-37

21| [(2,2,8,4), (—1,~1,~1,1)] (8,6) CS(by,by) = PG(1,2), as21-19
22 [(1,5 5 5),(—1,—5,—5,5)] (1,10) Th CQ, as22-8

24 | [(7,7,7,1),(—1,—-1,—1,1)] (7,8) Cs : Kg, as24-72

26 | [(1,6,6,6),(—1,6,6,—6)] (1,12) Uiz x Cy, as26-21
30 | [(1,7,7,7),(—=1,=7,—7,7)] (1,14) T15 x Co, as30-73
33 [(10,10,10,1), (-1, ~1,~1,1)] | (10,11) | Cj: Ky1, TA not AS
341 [(1,8,8.8), (~1,8,8, —8)] (1,16) | Upr % Oy, as34-9

35 | [(2.2,6,12), (2 2,-1,-2)] (6,14) | Us: K7, TA not AS
38110(1,9,9,9),(-1,-9,-9,9)] (1,18) Tig x Cy, as38-19
42 | [(1,10,10, 10, (—1,10,10,—10)] | (1,20) | Uny x Co

42 | [(6,10,15,5), (— 1,0,0,0)] (36,5/2) | Eg o K7, Not TA

42| [(13,13,13,1), (=1, ~1,—-1,1)] | (13,14) | C5: Ky, TA

45 | [(4,4,4.16), (~1,0,0 )] (36,4) | Eoo Ks, Not TA

45 | [(4,12,12,8), (~1,0, 0 0)] (36,4) | By o K3, Not TA

46 | [(1,11,11,11), (=1, —11, —11,11)] | (1,22) | Tog x Oy

48 | [(4,12,15,8), (0,0, — )] (45,1) | B30 K16, Not TA

50 | [(1,12,12,12), (— ,12 12,-12)] | (1,24) | Uss x Cs

50 | [(5,10,24,5), (0, 0, ,0)] (48,3) | B2 o Ky, Not TA

51 | [16,16, 16, 1], [ 1,-1,-1,1] (16,17) | Oy : Ky7, TA

52| [3,3,27,9],[-1,—1, 1 1] (27,12) | CS(b1,b2) = PG(1,3)
54| [1,13,13, 18], [~1,~13,—13,13] | (1,26) | Ths x Cs, TA

58 | [1,14, 14,14], [~1, 14, 14, —14] (1,28) | Usg x Cs

60 | [2.2,11,22], 2,2, —1 ,—2] (11,24) | Us: K10, TA

60 | [19,19,19,1],[~1, -1, —1,1] (19,20) | Oy : Kao, TA

62 | [1,15,15,15], [~ 1, — 15 ~15,15] | (1,30) | T35 % Co

63 | [8,24,24,3],[-1,—3, -3, 3] (8,27) T7 : Ky, T-array AS
64 | [7,7,35,7],[-1 1,3, —1] (35,14) | Not TA, primitive

64 | [7,14,14, 14], [7, —2,-2,-9] (7,28) | Kg:Ts, TA

64 |19,9,27,9],[1,1, -5, 1] (27,18) | Not TA, primitive

66 | [1, 16,16, 16],[ 1, —16, 16] (1,32) Uss x C

66 | [5,15,15,15], [— 1,1, —1] (45,10) | K¢ : T11, Not TA

69 | [22,22,22,1],[~1, —1, ~1,1] (22,23) | C5 : Kos, TA

70 | [1,17,17, 17],[ 1,-17,—17,17] (1,34) T35 x Cy
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n | [0, ] (mg,my) comments

74 [1,18,18,18], [ 1,18,18,—18] (1, 36) Uy % Cy

78 | (1,19,19,19), (—1,-19, —19,19)] | (1,38) Ty 3 Ch

78 | [(25,25,25,1), (—1,—1, ~1,1)] (25, 26) Cs : Kag, TA
81 | [(8,8, 32, 16) (-1, 1,5, —2)] (32,24) Not TA, primitive
81 | [(10,10,20,20), (1,1, ~7,2)] (20, 30) TA, primitive
82 | [(1,20,20,20), (—1, 20, 20 20)] (1, 40) Us % Oy

85| [(2.2,16,32). (2,2, 1, —2)] (16, 34) Ki7: T, TA
86 | [(1,21,21,21), (— 1,—21 —921,21)] | (1,42) Tyz % Ch

87 [ [(28,28,28,1), (-1, -1, —1,1)] (28, 29) Oy : Kag, TA
90 | [(1,22,22,22), (— 1,22 2, -22)] (1, 44) Uss % Cy

91 | [(10, 10, 30, 20),(1 ,10,-9,—6)] (10/3,130/3) | Uny : Dy3/3, TA
04| [(1,23,23,23), (—1,-23,-23,23)] | (1,46) Tyr % Co

96 | [(19,19,19,19), (—5, — 5 3,3)] (19, 38) TA, primitive
96 | [(19,19,19,19), (—1,~1,~1,1)] (76,19/2) | TA, primitive
96 | [(19,19,19,19), (— 1,1,1, 1)] (76,19/2) Not TA, primitive
96 | [(19,19,19,19), (3,3,3, —5)] (19,38) TA, primitive
96 | [(31,31,31,1), (1, — 1, 1,1)] (31,32) Oy : Ksp, TA
08 | [(1,24,24,24), (—1,24, 24, —24)] (1, 48) Usg % Oy

99 | [(4,4,10,40), (4,4, — 1 )] (10, 44) Us : K1
102 | [(1,25,25,25), (—1,—25,-25,25)] | (1,50) Ty % Ch
105 | [(34,34,34,1), (~1, —1,—1,1)] (34, 35) Oy : K35, TA
106 | (1, 26, 26, 26), (— 1,26 26, -26)] (1,52) Uss % Cy
110 | [(1,27,27,27), (~1,-27, -27,27)] | (1,54) Tss %1 Cs
110 | [(2,2,21,42), (2,2, 1, —2)] (21, 44) Us : Ko, TA
112 | [(15,45,45,3), (—1, —3, —3,3)] (15, 48) Tr : Ky, TA
114 | [(1,28,28,28), (~1, 8,28 28)] (1,56) Usy x1 Cs
114 | [(37,37,37,1), (—1, —1, —1, 1)] (37, 38) Oy : Kas, TA
118 | [(1,29,29,29), (—1, — 29 —29,29)] | (1,58) Tso % Ch
120 | [(17,17,51,17),(—3,—-3,3,1)] (51,34) TA, primitive
120 | [(17.17,51,17), (1, 1,3, -3)] (51, 34) Not TA, primitive
122 | (1,30, 30, 30), (— 1,30 30, —30)] (1,60) Ut % Cy
123 | [(40,40,40,1), (~1, —1, —1,1)] (40, 41) Cy: Kpp, TA
126 | [(1,31,31,31), (— 1,—31 ~31,31)] | (1,62) Tos % Co
130 | [(1,32,32,32), (— 1,32 32, -32)] (1,64) Ugs % Co
132 | [(43,43,43,1), (~1, -1, -1,1)] (43, 44) Cy: K4, TA
134 | [(1,33,33,33). (—1,— 33 -33,33)] | (1,66) Tz »0 Ch
135 | [(2,2,26,52), (2,2, —1, —2)] (26, 54) Us : Ko7, TA
138 | [(1,34,34,34), (— 1,34 34, —34)] (1,68) Ugo % Co
141 | [(46,46,46,1), (—1, — 1,1)] (46, 47) Cs: K7, TA
142 | [(1,35,35,35). (—1.—35.-35,35)] | (1,70) T % Cy
142 | [(15,21, 35, 35), (— 5, ,—35,35)] (1,70) T71 : Co, TA (see Lemma [T4)
143 | [(12, 60,60, 5), (=1, =5, —5,5)] (12,65) 11-array, TA
144 | [(39,39,39,13), (—9, 9 ~9,13)] | (13/3,208/3) | Tz : Dygj, TA
146 | [(1, 36, 36,36), (— 1,36 36, —36)] (1,72) Uns x Cs
150 | [(49,49,49,1), (~1,—1,—1,1)] (49, 50) Cs : K50, TA
150 | [(1,37,37,87), (—1,— 37 -37,37)] | (1,74) Tys 31 Ch
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Example 1. One family of noncommutative association schemes of rank 6 identified by Hanaki
and Zieschang [16] in which every member has a nonnormal closed subset {by, b1} of rank 2 has
linear character values [, @] = [(01, 02, 93, d4), (—1, —¢, —c, ¢)], with my, = (m, +1)(6; — 1) + 1 and
¢ € Z. Integralilty of x requires that m, divide cmy — 0; for i = 2, 3,4. The association schemes in
this family are semidirect products of a symmetric normal closed subset Ujys,4s5, of rank 3 with a
nonnormal closed subset K45, of rank 2. The members of one subfamily of these schemes are of the
form Uy1 ¥ Cs and have order 8k 4 2. These appear in the table for every £ > 1. Alternating with
these is a family of association schemes that are semidirect products of an anti-symmetric normal
closed subset of rank 3 with the thin scheme C5. These have algebraic structure Ty,_; x Cy, order
8k — 2, and occur for every k > 1.

Example 2. Another family discussed in [I6] has members that are the semidirect product of a
symmetric normal closed subset U, of rank 3 with a closed subset K; of rank 2. We identify these as
U,, x K; when no other parameter pattern is in agreement. Members of this family have parameter
sets 5 5

16, ] = (51,51,53,54),(51,51,m—;,m—;)].

We did find some table algebras that have a normal symmetric closed subset U of rank 3 for
which the RBA is a non-split extension of Uy, by a table algebra of rank 2. Such table algebras
were observed recently by Yoshikawa [2I]. The parameter sets are in the above form with d; even.
Since the quotient has rank 2, we identify these in the table by U,, : K; or U,, : D;. The first of
these has the form Us : K. It is a table algebra only, since it does not appear in the classification
of association schemes of order 35 and rank 6. In fact, according to Yoshikawa, it is not known if

any of these table algebras are realized by association schemes.

Example 3. Another family of noncommutative rank 6 table algebras identified by Hanaki and
Zieschang in [I6] has an anti-symmetric thin closed subset C = Cj5 of rank 3 and no other nontrivial
closed subsets. The quotient B//C5 is a rank 2 scheme K, 3. These have parameters [d,¢] =
[(6,€,0,1),(—1,—1,—1,1)] and order 3(¢+1), for all =1 mod 3. These are not always association
schemes. In particular the table algebra C5 : Kj; of order 33 is not realized by a scheme. This was
noted in [16].

Example 4. The articles of Hanaki-Zieschang [16] and Asaba-Hanaki [3] provide character tables
of noncommutative integral table algebras of rank six, the parameters of which, for certain choices
of ¢ and r, correspond to the projective geometry PG, _i(r,q). The corresponding values [4, ¢| for
these table algebras are:

g(¢"—1) ¢ (g"—1) qlg" —1)° ¢"*"(g" - 1)
¢—1 " q¢=1) " (¢=1%" (¢—1)
These are identified in the table with the label PG(r,q). If r = 3 these coincide with Coxeter

schemes in [I6] generated by a pair of noncommuting scheme reflections in {by, by, b3}, which are
indicated in the table with the label C'S(b;, b;).

)7 (_17 _qT—17 _qT—17 qT—l)] .

5.6 = |(

Example 5. The imprimitive rank 6 association schemes introduced by Drabkin and French [14]
that arise from complete p-arrays for Mersenne primes p have linear character values

2 2

p—1p—1p—1 p—1 p—1p—1
57 = [ 17 ) ) ) _17_ y ) ]
(6,0 =|(p+1,7 2 5 ) 2 5 )
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As one of the structure constants is A5y = ’%3, we find that there is an integral table algebra
defined by these parameters for every positive odd integer p = 3 mod 4. These have orders p?+ 2p,
an anti-symmetric normal closed subset of rank 3 and order p, and no other closed subsets, so their
algebraic structure is that of an extension 7, : K,.5. Three of these occur in the table, with orders

15, 63, and 143.

Some of our examples are imprimitive with a normal noncentral closed subset K, of rank 2 and
order m and no other nontrivial closed subsets. The quotient is an anti-symmetric table algebra of
rank 3. We identify these in our list as being of type K, : T, /n,. We also see some other instances
of table algebras that are nonsplit extensions of an anti-symmetric normal closed subset by a rank
2 quotient. These are identified with T,, : Cy, T}, : K; or T,, : D; according to quotient type.

Example 6. Our computer search revealed an ever-increasing number of integral RBAs of rank 6
with ¢ = (0,0, —1,0) (up to order). In this case the integral RBA (A, B) is the circle product of
a normal closed subset N = {by, b3} with a non-commutative rank 5 rational RBA. N is a rank 2
RBA of order m, so we indicate the members of this family by £,/ o K, in the table. To see this,
note that with these values of ¢ we must have e, = %(bo — 5_1363)7 and the fact that ei = ¢4 implies
{bo, b3} is a closed subset. It follows that

7”L53

b2 = d3b 03 — 1)b = —
3 3bo + (93 )bs, My 1

and y3 = 203.

Further e, in the center of A implies b3 is central in A. This means our matrix realization from §3

has
by = (85, -1, ﬁ;” (?J )

Therefore, for i # 0,3, b;bs = bsb; = d3b;. So the RBA (A, B, ¢) is a wreath product (B, N); cf. [I1,
Definition 1.2] and [4]. Therefore, the cosets of N in B are N, Nb;, Nby, Nb,, and Nbj, and we
have a quotient RBA

B//N - {bo, bl, bg, b4, bZ},

where by = ﬁ(bo + by), by = ——b; for i # 0,3. The quotient RBA B //N has structure constants

1-‘,—53
by = ——— 5" Ab
(14 d3) ot

so it is a noncommutative RBA of rank 5, and B is a table algebra precisely when B//N is a table
algebra. If B is a table algebra, then B = (B/IN) !N by [23, Lemma 3.1]. Noncommutative rank
5 RBAs were classified in [1§].

5 Primitive table algebras

The table in Section M contains four examples of primitive integral table algebras: one of order 81,
two of order 96 and one of order 120. We would like to know whether they could be Bose-Mesner
algebras of association schemes. For this purpose we need the following result. Throughout this
section (A, B) is a noncommutative rank 6 table algebra with positive degree map § and standard
basis B determined by the parameters 6;, ¢;, i = 1,...,4, as explained in Section

Proposition 5. The center of A is a fusion subalgebra of (A, B) iff the set {¢;/0;}>_, contains at
most three distinct elements.

14



Proof. If the center Z(A) is a fusion subalgebra, then there exists a *-invariant partition of {1,...,5}
into two classes, say I and .J, such that the elements by, by := >, ., b;, by := ZJ.GJ b; form a table
basis of Z(A), as the dimension of Z(A) is 3. On the other hand, the idempotents es, e4, e, =
by — es — e, form another basis of Z(A). Therefore ey is a linear combination of by, by and by, and
hence [{¢;/d;,|7 = 0,...,5} < 3. Assume now that |{¢;/d;, |7 = 0,...,5}| < 3. Pick an element
a € {¢;/d,]i=0,..,5} distinct from 1 and define I := {i € {1,...,5} | ¢;/0; = a}. It follows from
¢4/04 = ¢5/05 that the set I is *-invariant. As we have already seen before, I is a proper subset of
{1,...,5}. Define J := {1,...;5} \ I. Then Z(A) C Span{by, b;,b;}. Comparing the dimensions we
conclude that Z(A) = Span{by, by, bs}. O

Proposition 6. Assume that Z(A) is a fusion subalgebra. Let IUJ = {1,2,...,5} be the correspond-
ing partition of the index set. Then for each non-empty proper subset K C I such that b} = bk,
Span{bo, bk, bpk, by} is a commutative real fusion subalgebra of rank 4, and its multiplicities are
1,mg, m,, m,.

Proof. Since Z(A) = Span{bg,bs,bs}, the elements by, bpx, by commutes with each other under
the multiplication of A. Thus, the subalgebra W := (by, bk, bp\x, bs) generated by bg, b, by i, by
is a commutative subalgebra of dimension at least 4. But any commutative subalgebra of A has
dimension at most four. Therefore W = Span{bo, bk, by\k, b;}. It follows from the assumption that
every basis element of W is real. Thus W is a commutative real fusion subalgebra of A, as desired.
Also W is a table algebra. The restriction of ¢ to W must remain irreducible, and the restriction
of the nonlinear irreducible character xy of A to W must produce two distinct irreducibles. The
restriction of the standard feasible trace of A to W will be the standard feasible trace of W, and
its irreducible constituents will occur with the multiplicities 1, mg, m,,m,,. O

All parameter sets of primitive integral table algebras described in Table 1 satisfy the assump-
tions of Proposition Bl Therefore their centers are fusion subalgebras of rank three. If n = 81, then
the center has degrees 1,20, 60. According to A. Brouwer’s data [12] there exists a unique strongly
regular graph with these parameters. By Proposition [l there exists a real fusion subalgebra of rank
4 with degrees 1,20, 20,40 and multiplicites 1,20, 30,30. According to the results of E. van Dam
such a scheme does not exist [I3 pg. 90]. For n = 96 there are two parameter sets. As table
algebras, their centers have the same degrees 1,38,57. According to A. Brouwer’s data [12] such a
strongly regular graph does not exist. So this parameter set cannot be realized as a Bose-Mesner
algebra of an association scheme. In the last case n = 120, the center has degrees 1, 34, 85. Accord-
ing Brouwer’s table [I2] it is not known whether there exists a strongly regular graph with these
parameters. However, when we compute our structure constants we find that Ay;4 = 7 and d4 = 51.
We claim that in an association scheme the value of \;;;0; should be even when b; is *-symmetric.
(The second author believes that this is well-known. As we were unable to find a reference we pro-
vide an argument for this below.) So from our noncommutative rank 6 table algebra classification,
it follows that there is no such association scheme.

Lemma 7. Let s; and s; # 1x be distinct relations in an association scheme (X, S). Let \iji, be
the intersection numbers of (X,S). If s; is symmetric, and the valency d; of s; is greater than 1,
then X;ji0; must be even.

Proof. Let x € X. Let zs; = {y € X : (x,y) € s;} be the s;-neighborhood of x. Consider the graph
I';; on zs; that is induced by the relation s;. Then I';; is a graph on |zs;| = §; > 1 points, and
(y,2) € E(I';;) if and only if (z,y), (x,2) € s; and (y,2) € s; . Since s; is symmetric, the graph
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I'; ; is an ordinary undirected graph. Furthermore, I'; ; is regular of valency \;;; because for every
Yy € xS,
Hzewxsi:(y,2) €si}={ze€xs:(2,y) €s;} = Niji

It is easy to see that the usual adjacency matrix of a k-regular graph on n > 1 points has nk entries
equal to one, and the fact that the graph is symmetric implies that this number must be even.
Applying this to I'; ; we deduce that d;);;; must be even. O

The authors also want to mention that A. Munemasa, after hearing a preliminary version of
these results, searched primitive permutation groups of small degrees and found that there is no
primitive noncommutative Schurian scheme of rank 6 with orders less than 1600.

6 Noncommutative rank 6 TAs with m, =1

With the notation of Section 3, assume B = {(d;, ¢;, B;),i = 0,...,5} is a standard table basis for
a noncommutative rank 6 RBA with m, = 1. From our formulas (see Corollary ) we see that this
extra condition mg = 1 implies n = >_,(¢7/6;) and m, =n/2 — 1.

The purpose of this section is to classify all noncommutative rank 6 table algebras that have
me = 1. We show that they separate nicely into three families. We show that one of these families is
never realized by an association scheme, and give integrality conditions for the two of these families
that can be realized by association schemes.

Recall that the kernel of ¢ is ker ¢ := {b; € B : ¢(b;) = 6;¢(bo)}. For any table algebra (A, B)
and any irreducible character £ of A, ker¢ is a closed subset of B (see [22] Theorem 4.2]) and
me > £(1) (see [24, Theorem 1.1]). The first condition can fail for noncommutative rank 6 RBAs
with negative structure constants. For example, there is a noncommutative rational rank 6 RBA
of order 6 with linear character values [d, ¢] = [(1,1,1,1), (1,—2,0,0)] for which ker ¢ = {bg, b1} is
not a closed subset of B, because

1 1 1
b% — b(] - 5[)1 - Zb2 + Z(bg + b4 + b5)

The extra arithmetic properties satisfied by integral table algebras will be essential to this classifi-
cation. All the properties of integral table algebras used here can be found in [8] or [23]. We write
o(IN) = > 6; for the order of a closed subset N of B.

b;eN

Lemma 8. Let (A, B) be a noncommutative rank 6 table algebra with my = 1. Let N be the kernel
of ¢. Then the following hold.

(1) If b; € N,i # 0, then ¢; = &; and x; = —fni

(iid) Let bib; = 3 p_o Nijib.-
If pip; > 0, then Aiji, = 0 for any k with ¢, < 0.
If p;0; <0, then Aiji, = 0 for any k with ¢, > 0.

(iv) The quotient table basis BN is an abelian group of order 2.
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Proof. (i) follows from 7 = 0 + ¢ + m, x, where 7 is the standard feasible trace of (A, B).

(ii) It follows from my = 1 that > _,(¢7/8;) =n=3_,8;. But |¢;] < d; for all i. Hence, we must
have that ¢; = +6;, 0 < i < 5. Therefore, ¢; = §; if b; € N, and ¢; = —6; if b; ¢ N. Furthermore,
since 0 = 7(b;) = 9; + ¢; +myx; for any 1 <i <5, we see that x; = 0 for any b; ¢ IN. So (ii) holds.

(ili) Applying ¢ and ¢ to the equation b;b; = 22:0 Nijkbi, we get that

5 5
0;0; = Z NijkOk and Gipj = Z AijkQk- (8)
k=0 k=0

If ¢;¢; > 0, then by subtracting the second equation from the first equation in (), we see that
Z¢k<0 Niji0r = 0 by (i) and (ii). Since each ¢ > 0 and A;j; > 0, we must have that \;;; = 0 for
any k with ¢ < 0. But if ¢;¢; < 0, then by adding the two equations in () together, we see that
Nijke = 0 for any k with ¢ > 0. So (iii) holds.

(iv) For any b;,b; ¢ N, (b;/N)(b; JN) = by /N by (ii) and (iii). So (iv) holds. O

Lemma 9. Let (A, B) be a noncommutative rank 6 table algebra with my = 1, and let N = ker ¢.
Then o(N) =n/2 and |N| =3 or 5. If [N| =5, then B = (B/N)!N.

Proof. Since o(B//N) = 2 by Lemma [[iv), and o(B//N) = o(B)/o(IN), it follows that o(N) = n/2.
Now B//N an abelian group of order 2 implies that |[IN| # 1. If |[N| = 2, without loss of
generality, we may assume that N = {by, b2 }. Pick up two arbitrary elements b;, b, € B\ N. By
Lemma [§[(iii), the products b;b; and b;b; are linear combinations of by and by. Now it follows from
)\jkO = )\ij and
Akjo + Akj2da = 00k = Njro + Ajr2d2

that b; and b, commute. Thus any two elements of the set B \ N commute. Since BN is an
abelian group, N is a (strongly) normal closed subset of B. So |IN| = 2 yields that N is in the
center Z(A) of A. Hence A is commutative, a contradiction.

In the following we show that |N| # 4. For any function f on B, let f|n be the restriction of f
on N. Then (o(IN)/o(B))7|n is the standard feasible trace of N, and

n—2
4

o(N)
o(B)

TN = %(5|N+¢|N+m><X|N) =d|n + XN
So every non-principal irreducible character of N is a constituent of y|n. Since the degree of y is
2, x|n is either irreducible or the sum of two (not necessarily distinct) irreducible characters of N.
Thus, N has at most three distinct irreducible characters. So |N| # 4.

Therefore, |[N| = 3 or 5. If |N| = 5, then |B| = |B/N| + |N| — 1, and hence B =, (B/N)! N
by [23] Lemma 3.1]. O

In keeping with our convention from Section 3, we will assume ¢3/d3 # ¢4/d4, so bs and by
lie in distinct cosets of N = ker¢. From Lemma [ we see that noncommutative rank 6 table
algebras with m, = 1 occur in three families. The first family where |N| = 5 is the wreath product
of B/N = {by, b3} with a noncommutative rank 5 table algebra N = {bg, b, by, by, bs}. Since
noncommutative rank 5 RBAs cannot be integral by [I8, Theorem 6], and N is a closed subset of
(B/N) !N, it is impossible for members of this family to be integral table algebras. In particular,
members of this family are never realized by association schemes.

When |N| = 3, there are two families, both of which we refer to as bipartite, since the map
¢ separates both the set B and the “vertices” into two halves. The real bipartite family has
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N = {bg, by, b3} up to a choice of the ordering of b; and by, and the non-real bipartite family has
N = {b07 b47 b5}
The next results give integrality conditions for the two families of bipartite rank 6 table algebras.

Let A be a 2 x 2 real representation affording the character y, and write A(b;) = B; = [Z’ Z’} for

1=0,...,3, By = :4 24}, and Bs = B/. As B is a real symmetric matrix, we can adjust the
4 Ug

basis so that s; = 0. Note that the matrix entries for the B; automatically satisfy several additional

identities that arise from the idempotent formulas. Since (1,0, 09x2) = €5, (0,1,0942) = €4, and

(0,0, Isx2) = ey, we have

_ _ o n . Xi
O22 = ZZ: Bi, 092 = ZZ: 5_1'Bi’ and m—xfzxz = ZZ: 5—232 (9)
In addition, recall that our standard feasible trace gives the identities
n=1(by) =1+ my+2m, and 0 = 7(b;) = &; + mep; + myx; fori =1,...,5. (10)

The structure constants relative to B can be determined using (Il) once the entries of the B; are
known.

Lemma 10. Suppose B is the standard basis of a real bipartite rank 6 table algebra, for which the
kernel of ¢ is N = {bg, ba,bs}. Then §; > 2 for 2 <i <4, 6; > max{dz/ds,d2/3}, and

I b
= —Uu; = 52+53517 T = Uz = 52+537

S9g = —S§ _75263,” 3 s =U _—763
2 — 3 — 3 — W3 — (524—53’

V2(82 + 83) .

Ty = —Uy = — &E S—_t—g 54”
T 2 e Tt T 2V s+ 8y

where €1,€5,€3 € {1, —1}

Proof. 1t follows from the definition of N that ¢; < 0,05 > 0,¢3 > 0, and ¢4 < 0. In light of the
idempotent equations (@), Lemma [§ implies that

1"—7”2—'—7”3:7”1—'—27’4:0, 1+UQ+U3:U1+2U4:0, 82+83:84+t4:0.
Furthermore, since m, = (n —2)/2 by (I0), we have that
1+52—|—53:51—|—254:n/2 and mX=52—|—53.

Note that r; = —u; and r4 = —uy by Lemma B So it follows from nd; = 7(b%) = 67 + ¢F +
mytr(B?) = 262 + (02 + d3)(r} + u?) that

ro=—u = ”535—11—5;381’ where ¢, = £1.
Thus, r; 4+ 2r, = 0 yields that
0104
R VTF AR S
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Since 0 = 7(bibe) = 0102 + P12 + mytr(B1Bs) = 2rim,(rs — us), we see that ry = us.

0= T(bg) = (52 + (]52 + thT’(B2> = 252 -+ 2(52 + 53)7"2, and hence

% %3
N A L A R

Now ndy = 7(b3) = 205 + (02 + d3)(r3 + u3 + 2s3) and sy + s3 = 0 imply that
vV 525371

Sg = —§3 = ————————¢9,  where g9 = £1.
T VAt i

Finally, since ¢4 = —s4, and ndy = 7(bab;) = 207 + m, (ri + uj + s +t3), we get that

€3 oumn
2V 6y + 53’

Sy = —ty = where g3 = 1.

Now it is straightforward to check that

(52(5% - 52 -+ (52(53 - 3(53) 52((5271 - 253)

b2 = §3b b b
2 = 0200+ (8 + 03)2 2t 20y + 03)2
and S3(Bsm — 202) . 03(82 — s + Gads — 365)
— — 03 + 0203 — 902
b = by + oo 20y, % T b.
8T (6, + 6502 (03 + 03)? ’
Thus,

53 — 52 + 5253 — 353 Z 0 and 532’ - 53 + 5253 - 352 Z 0.

Thus,

(11)

Adding both sides of the two inequalities in ([[Il), we get that do + d3 > 4. If §y < 2, then d3 > 2,

and the first inequality in (1) yields that

53—52 > (3—52)(53 >6—252,

a contradiction. So we must have that 6, > 2. Similarly, we also have d3 > 2. Furthermore, since

54(5152 + £1€2E3V 515253) b2 i 54(5153 — £1E92€3V 515253)

biby =
1 62(85 + 03) 85(85 + 03)

bs

and
(54(5152 — £1892E83V/ (515253) 54(51(53 + E1E9€3V 51(52(53)
(52(52 + 53) 53(52 + 53)

we see that 0; > max{d3/da,09/d3}. It is also straightforward to check that

(54((5254 — 52 + €1E9E3V (515253) 54((53(54 — 53 — £1E92€3V 51(5253)
92(62 + 63) 93(02 + d3)

blbz - bg + bg,

byb; = S4by + by + bs.

So either 52(54 - (52 Z vV (51(5253 or (5354 - 53 Z (5152(53. But (51(53 Z (52 and (5152 Z 53. Hence, we

always have 0, > 2, and the lemma holds.
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The other structure constants of the table algebra in the above lemma are given as below:

62—
b% :51b0‘|‘ ! 1(b2—|—bg),

09 + 03
o 52(51 — 1) 5152 + €123V 515253 5152 — £1E92€3V 515253 %
blbg == bl + b4 + b47
52+53 52+53 52“—53
o (53(51 — 1) 51(53 — £1892E&3V/ (5152(53 51(53 + E1E9E3V 51(52(53 "
blbg = bl + b4 + b47
52-'-(53 52"‘(53 52+53
53(52” — 253) 52(5371 — 252)
bobs = b3by = b ,
203 = 0302 2(35 + 032 2 + 2(5s + 03)? 3
boby — 54(5152 — £1E9E€3V 616263)() 5254 — 52 + £1E2E3V 515253 5254 %
204 = 1+ by + 4
01 (02 + 93) 0 + 03 dy + J3
b b* . (54(5152 + E1E2€3V 515253)b 52(54 52(54 — 52 — £1E92€3V 51(52(53 %
ob, = 1+ by + b4,
01 (02 + d3) dy + 93 0y + J3
b b . 54(5153 -+ £1E2E3V 515253)b 5354 — 53 — £1E92E€3YV/ 515253 5354 «
304 = 1+ by + 45
01 (02 + 93) 09 + 03 09 + 03
bab — 54(5153 — £1E9€3V 616263)() 5354 5354 — 53 + £1E2E3V 515253 "
30, = 1+ by + b,
51(52 + 53) 52 + 53 52 + 53
% o (54((5254 — 52 — £1892E83V/ (51(5253) 54(53(54 — (53 -+ E1E2€3V/ 51(5253)
b4b4 = (54()0 + b2 + b37
(52<(52 + 53) 53(52 + 53)
2 2 52

For a table algebra (A,B), let Aut(B) := {f | f : B — B is an exact isomorphism} be the

automorphism group of B. Let G be a subgroup of Aut(B), and CG the group algebra of G over C,
which is also a table algebra. Then the semi-direct product of (4, B) by (CG, G), (CGx A,G x B),
is a table algebra defined as follows: CG x A :=CG x A, G x B := G x B, and the multiplication

is defined by

(g.b) - (h,c) == (gh,b'c), forany g,h € G, and b, c € B,

where b" := h(b) is the image of b under h.

We can now give a characterization of real bipartite integral table algebras of rank 6.

Theorem 11. Let (A, B) be a real bipartite rank 6 table algebra with N = {by, by, b3}. Then (A, B)

1s integral if and only if

51:1, 52:53:54, 2|52, and 8|(TL—2)

Furthermore, if (A, B) is integral, then

B =, Aut(N) x N.
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Proof. First assume that (A, B) is integral. Since the structure constants of b3 are integers, we see
that (6o+03) | 07. Hence, (d2+03) | 04(d2+03—28,). That is, (52+03) | 64(61 —1). Now the structure
constants for b7 integral implies that (5o 4 d3) | 61(d1 — 1). So (03 + d3) | (61 + 204)(6; — 1). That is,
(52+53) | (1—|—52—|—53)(51—1) Hence, (52+53) | (51 —1) But (52+53) = 51 —1+254 > 51—1 Z 0. So
we must have d; = 1. Therefore, b; is a thin element, d,+d3 = 2d,, and 2 | §; (because (d3+d3) | 07).
Furthermore, we also have that b;bs = by or b;. So d3 = /0203, and hence dy = d3. Now it is clear
that 8 | (n — 2), and (I2) holds.

On the other hand, assume that (I2)) holds. Let k := 6o (= 03 = d4). By renumbering by, b5 if
necessary, without loss of generality, we may assume that ;6563 = 1. Then the products of two
elements in B are given as follows:

B2 = by, biby = ba, bibs = b5, bibs = by, bybj = bs,

k—2 k k k k k—2
b3 = kby + 52 + 5bs, bobs = 5(bQ + b3), boby = 5(b4 +b3), bobl = kby + b+ Tbj;,
b2 = kb + b2+ —5—bs, bsby = kby + —5—by + Sb], bsb] = 5(b4 + b)),

k k k—2 k—2 k
b =02 = 5(b2 +b3), byl = kb + b2+ —5—bs, biby = kby + ba + S bs.

So (A, B) is integral, and Aut(N) = {/, o}, where ¢ is the identity map, and o interchanges by and
bs. Now it is straightforward to check that the map defined by

(67 bl) — bi7 1= 07 27 37 (07 b(]) = b17 (07 b2) = b47 (07 b3) = bzkl
is an exact isomorphism between B and Aut(IN) x N. O

One sees several examples of the real bipartite family in Table 1 that are listed under the heading
Usrr1 % Cy. The above theorem implies these are the only type.

Now we consider integrality conditions for the family of non-real bipartite rank 6 table algebras.

Lemma 12. If N = {by, by, b5}, then ¢; < 0 for i = 1,2,3, max{%2, 2} < § < 603, and by

5378
renumbering by and bs if necessary, we have t
1
222
Furthermore,
e — o 61(02 + 03) o = — g V0105
1= —U =1\~ 2= —Up = —E—Fm—————,
254 \/ 254(52 + 53)

O 4 1T, B B
’ ’ 1\/254(524—53)’ ’ P 2\ 0u(8y + 05)

where €1,69 € {1, —1}

Proof. By Lemma [ the numbers ¢1, ¢o, ¢3 are all negative. By Lemma [§] the idempotent equations
@) imply that

7’1+7’2—|—T3:0, U1+U2—|—U3:O, 7’4IU4:—1/2, 82—|—83:O, S4+t4:0.
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So from (I0) we get that

and

b4bz - 54
Note that

2
SOby(@) 1/4"‘84—54—((54—1)/2 ThllS Sq =

necessary, we may assume that s, = f . So

1 1
By = [ K 41} and B,B/ = {4
_sy -1

Furthermore, b? = %= G-lp + 54+lb4

202 + 204(r? + u?), we see that 12 = o = 2020 —

—254, n:2—|—454, 1+254:51—|—52+53—n/2

. (13)
Also by Lemmal we have b4b4 = (54b0+)\444(b4+b ) Hence 52 = 54+2(54)\444 So >\444 = ((54— )/2

—1
L (by + ).

(14)
+s3 0
0 T+si|

e
:tzf

:t\/m

By renumbering by and bs if

[\
R
| I |

(15)

464

Note that r; + ul =0for 1 <i<3by LemmaRl Since nd; = 7(b3) = 67 + ¢ + m,tr(B}) =

1
51(52+
1(22;;: 3) by (3). Hence,

r = —UuUp

__ [810:+8)
! 20,4
that

Now 0 = T(blbg) = 5152 + ¢1¢2 + mxt’f’(BlBg) = 25152 + 254(’/“17’2 + ’ulUg) and T2

where ¢; = 1.

= —u9. S0 we have
- - V010,
Ty = —Uz = — .
204(92 + 03)
Also it follows from rq + ro + r3 = 0 that
) Vs,
s = —Uz = —

that

204(62 + J3)
Note that ndy = 7(b3) = 05 + ¢3 + m,tr(B3) = 205 + 26,(r3 + uj + 2s3), and sy + s3 = 0. So we see

E9 525371
S9 S3 54(52 T 53), where €9
Now it is straightforward to check that
62 —6;
b7 = 0;by + (by +03), i=1,2,3.
204
Furthermore
. (51(52 + E1E€2V (5152(53 51(52 — £1E2V 51(5253 %
biby = by + by,
204 20,
. 5153 — E1E9V 515253 5153 + €1E9V 515253 "

bibs = > by + > b,

4 4
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and

. (52(53 + €162V (5152(53 52(53 — £1E2V 51(5253
baobs = by +

254 264

Since the structure constants are non-negative, it follows that max{g—i, g—g} < §; < dy03, and (ii)
holds. O

b

The other structure constants of non-real bipartite rank 6 table algebras are given as below:

51 —1 5152 + €1€9V 51(5253 (5153 — &182V 5152(53

=Tyt 20 2t 205 &
1 _
bibs — 01 b+ 0109 — €169/ 010203 by - 0103 + €1691/010903 b,
2 2(52 253
- -1 V/
boby = 0100 — £169v/010203 by + 09 by + 0905 + £1691/010505 b,
201 2 20,
010 101020 0y — 1 0903 — 01050
bobs — 102 + £1€21/0102 361+ 2 by + 203 — £1€21/0102 3b3’
201 2 204
5153 + €162V 51(5253 (5253 — £1E91 /515253 53 -1
b3b4 - 1 + b2 + bg,
261 252 2
0103 — /01020 090 01020 03 — 1
bybs — 103 8;‘52 12361+ 23—1—5;?\/123[)2_'_ 32 b,
1 2

We can now give our integrality condition for non-real bipartite rank 6 table algebras.

Theorem 13. Let (A,B) be a non-real bipartite rank 6 table algebra with N = {by, by, bs}. Then
(A, B) is integral if and only if there are odd positive integers «, v, k1, and ks such that

51 = Oé’}/kl, (52 = Oé’)/]{ig, (53 = Oé2]€1]€2, ng(]fl, ]{52) = 1, 062 < 2’}/,

and
6y divides each of ~kiky, vki(avky — 1), vha(avks — 1), kiky(a?kiks —1).

Proof. Suppose gcd(dy,92) = d. Write & = dk; and 63 = dky. The formula for the structure
constant Aoy; tells us that

51(52 :l: 51(52(53 . d2]€1]€2 :l: d ]{71]{72(53 . dklkg :l: ]{71]{72(53
20, N 2dk, N 2k,

is a nonnegative integer. Since d, ki, and ks have to be odd, this implies k; divides v/kik903.
Similarly, the fact that the structure constant A5 is a nonnegative integer implies that ko divides
k1kods. Since ged(kyi, ko) = 1, we have that \/k1ked3 = akiks for some o € Z*, and therefore
53 = Oé2]{31 ]{52.
Since Agy3 is a nonnegative integer, and

A . 5253 + 515253 o da2k1k5§ + daklkfg . dOék‘g +d
248 253 n 20&2]{31]{32 N 2c '

we have that o divides d. If d = ary, then we have §; = avk;, dy = avks, and 05 = ok k.
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Since we are in the case where 1 — d; — 09 — d3 + 20, = 0, we have that
Oé(”)/l{?l + ’)/]{32 + Oé]ﬁ]fg) — 254 =1.

Therefore, ged(a,d4) = 1. Our formulas for Ay, ¢ = 1,2,3 imply that ¢, divides 6;(d; — 1) for
i = 1,2,3. So with the observation that gcd(a,d,) = 1 we get that 04 divides vki(avk; — 1),
’}/k‘g(a’yk’g — 1), and k’lk’g(Oézk’lk’g — 1)

From our formulas for A4 and Aj25, we see that

V010203
04

so 0, divides v/0,0203 = a®vk1ks. Since ged(a, d4) = 1, this shows that &, divides vk ks.
Let $ € Z" be such that $0, = vk1ky. Then 204 = 0; + 09 + 93 — 1 implies

2’}/]{?1]{32 = ﬁ(a’yk’l + Oé’yk’g + ()é2]€1]€2 — 1). (16)

Since ary(k; + ko) > 1, the right hand side of (I8]) is strictly larger than Sa?kiks. Since 8 > 1, this
implies 2y > o2

Conversely, for every choice of positive integers «, v, k1, and ks satisfying the given conditions, we
can produce an admissible parameter set for which m, = 1 and the structure constants computed
using our formulas will be nonnegative integers. By Theorem [3] the set of matrices produced in
Section 3 is an integral table basis for an integral table algebra with the desired properties. O

cZt,

>\124 - )\125 =

It is not difficult to find three odd positive integers satisfying the conditions in Theorem [I3]
The next Lemma covers the case where o = 1.
kike +1

Lemma 14. Let kq, ko be odd positive integers for which ~ = T 1s also an odd integer. If
1+ R

(ki + ko) divides (k? — 1) for i = 1,2, then there is an integral table algebra (A, B) satisfying the
conditions in Theorem with 51 = ’)/1{31, (52 = ’}/]{72, 53 = ]{31]{32, and 54 = ]{31]{32.

Proof. The choice of 7 ensures that 20, + 1 = 07 + d9 + 03 will hold for 64, = k1ks, so the conditions
in Theorem [[3 are satisfied. O

Example 7. (i) The conditions in Lemma [I4] are satisfied when §; = 1, and 0y = 03 = 04 = k
for an odd integer k. There is one such association scheme of order 2 + 4k with mg = 1 for
every odd integer k. These are listed as T4, ¥ Cs in Table 1.

(77) The conditions in Lemma [I4] are satisfied when k; = 1 mod 4 and ky = k; + 2. Therefore,
for every k =1 mod 4 there is a noncommutative rank 6 integral table algebra with m, =1
and order 4k + 8k + 2 that has degrees

6 = %(k%k),éz = %(k2+3k+2),5g =04 = k* + 2k.

The smallest of these appears in Table 1 with £ = 5 and kg = 7; it has order 142.

(737) The conditions in Lemma [[4] are also satisfied when k; = @ —1,and ky = @ —1, where
s is an odd integer greater than 3. For s = 5,7, or 9, the paire (ky, ko) are (17,7),(31,17),

and (31,49), respectively.

(7v) Additional pairs of coprime odd positive integers (ki, ko) both less than 50 that satisfy the
conditions of Lemma[I4but do not appear in (ii) or (iii) are: (9,31), (11,19), (11,49), (13, 29),
(15,41),(19,41), (23,43), and (29,41). We have yet to determine if any of these are realized
by association schemes.
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