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ABSTRACT

Let p1, p2, - . ., pn be pairwise coprime positive integers and let P = pips - - - py.
Let 0,1,...,m—1 be a sequence of m different colors. Let A be an n x m P matrix
of colors in which row i consists of blocks of p; consecutive entries of the same
color, with colors 0 through m — 1 repeated cyclically. The Monochromatic Col-
umn problem is to determine the number of columns of A in which every entry is

the same color. A partial solution for the case when m is prime is given.
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Chapter 1

Introduction

Let m be a number of colors where each color is represented by one of the
integers in {0,1,...,m—1}. Let py, ..., p, be positive integers and P = pi1py - - - py,.
These colors are arranged in an n X m P matrix where row 7 is comprised of cyclic
successions of p; blocks of the same color. The Monochromatic Column Problem
is to count the columns where the entries in the column are the same.

The Monochromatic Column Problem was initiated by Nagpaul and Jain
after distilling down a problem from molecular and structural biology. This prob-
lem is discussed in [2], where Jiang, Kearney, and Li look for an optimal score for
an alignment of sequences of characters from a fixed alphabet. In [1], Jain and
Nagpaul, solved the Monochromatic Column Problem for two colors and in [4],
Szabo and Srivastava solved the problem for three colors. In this work, we will
give a partial solution to the Monochromatic Column Problem for a prime number
of colors. In the works mentioned, as well as ours, it is assumed that py,...,p,
were pairwise coprime. Furthermore, the main tool used in the solution, is the
Chinese Remainder Theorem.

In this paper, we will give a solution to three specific cases of the Monochro-
matic Column Problem for a prime number of colors. First, we consider the
case when pi,...,p, are pairwise coprime integers and congruent to a fixed s €
{1,...,q — 1}. Then, we consider the case when py,...,p, are pairwise coprime
integers and are congruent to either b; or by. Finally, we consider the case when
we assume that we already know the number of monochromatic columns in some

matrix B associated with pairwise coprime integers p; ..., p,_1. This case counts



the number of monochromatic columns in a matrix A which is associated with
pairwise coprime integers, p ..., pn, where q | p,.

Our solution is a generalization of the solution given in the three color prob-
lem. It encapsulates the solutions for the two and three color problems which
were previously given. When the number of colors is a prime larger than three,
what we have only provides a partial solution. Example 3.1 is actually a coun-
terexample showing that the techniques used so far in solving various aspects of
the Monochromatic Column Problem cannot be used to find a full solution to the

problem with a prime number of colors.



Chapter 2

Preliminaries

Let m be a positive integer. The colors for m are represented by the integers
0,1,...,m —1. An n X s color matriz is an n x s matrix A = (a;;) in which
every entry is one of the m colors. Column j of A is a monochromatic column
if there exists a ¢ € {0,...,m — 1} such that, for 1 < i < n,a;; = ¢. Column
j of Ais a bichromatic column if there exist ¢,,c¢; € {0,...,m — 1} such that,
for 1 <i < h,a;; = ¢y, and, h +1 < i < n,a;; = ¢. If ¢, = ¢, then j is a
monochromatic column. For a positive integer d, row ¢ of A is d-blocked with

initial color p if d | s and, for 1 < j < s, the i, j-entry is the color

—1
aj; = (VT%—pJ) mod m.

The matrix A is the (di,ds,...,dn;p1,p2, .., pn) color matriz of width s
if, for every i satisfying 1 < i < n, we have d; | s and row i of A is d;-
blocked with initial color p;. Let P = pips---p,. Note that the permutation
of rows will not affect the number of monochromatic columns. The notation
(M P1, D25 -+ -y P P15 P25 - - -5 Pry b1y - - tro1) Will denote a color matrix such that
row ¢ is pi-blocked and rows t;_; + 1 to t; start with color py for 1 < k < r|
defining t; = 0 and ¢, = n. For the case when r = 1, the color matrix will be
denoted by (m;p1,...,pn; p1). The Monochromatic Column Problem is to deter-
mine the count N (m;p1, P2, .-, PniP1s P2, -5 Prit1y .-, tr—1), of monochromatic

columns in the (m;p1,pa, .- P P1, P25 -+ Prit1y - -+, Lr_1) color matrix A.



To illustrate the layout of a color matrix, let m = 5,n = 2,p; = 2, and

pe = 3. The color matrix (5;2,3;0) is
A= 00112233440011223344001122334414
—\000111222333444000111222333444)"

Fori=1,2,...nand j =1,2,....,mP, define

i1
b”:{ pi J

and

kij = j — bijpi.

Then, 1 < k;; < p;, and the color in entry i, j is

a;; = (b;; + p;) mod m,

where p; is the initial color of row .
The following well-known results will be needed in the proof of the Monochro-

matic Column Problem.

Lemma 2.1.

1. For a,b € Z, there are b — a + 1 integer solutions to a < x < b.

2. —[a] = |-a)

Lemma 2.2 (Fermat’s Little Theorem). Let ¢ denote a prime. If ¢ { r then

ri~! = 1(modq). For every integer r,r9 = r(mod q).

Lemma 2.3 (Theorem 2.6, [3]). If gcd(r,q) = 1, then there is an x such that
re = 1(modq). Any two such x are congruent modulo q. If ged(r,q) > 1, then

there is no such x.

Proof. Let ged(r,q) = h. If ro = 1(modg), then rz = 1(modh), and, since
h x r, we have Ox = 1(mod h), which is a contradiction unless h = 1. Let h = 1.

To show uniqueness, if rz = 1(modg) and ry = 1(mod q), then rz = ry(mod q).



Since gcd(r,q) = 1,2 = y(mod q). To show existence, since ged(r,q) = 1, there

exist integers x,y such that rx 4+ qy = 1. When we take this equation modulo ¢,

we get rz = 1(mod q), and so x = r~!, where r~! is the multiplicative inverse of
r which we know exists since ged(r,q) = 1. O
Lemma 2.4 (Chinese Remainder Theorem). Let py, po, ..., p, be pairwise coprime

integers and let ay, as, . ..a, be any n integers. Then the congruences

r = aj(modp)
r = as(mod py)
r = a,(modp,)

have common solutions. If xo is one such solution, then an integer x satisfies the
congruences if and only if x is of the form x = xg + kpips - - - pp for some integer

k.

Proof. Let P = pypsy---p,. Since pq,...,p, are pairwise coprime integers, and

let (p%,pi) = 1. By Lemma 2.2, we know that if gcd(Z£,p;) = 1, then there is

pi’

some b; such that (p%)bi = 1(mod p;), and any two such b; are congruent modulo
P. Hence, for each i, there is an integer b; such that (f)bi = 1(mod p;). Clearly,

(p%)bi = O(modp;) if ¢ # j because (p%)bl- would be divisible by p;. Let z =

; pﬂibiai, then we find that z = pﬁjbjaj = a;(modp;). Thus z is a solution of
the system. If z and z; are two solutions of the system, then x = x1(mod p;) for

i=1,2,--+ ,n, and hence x = x;(mod P). O

Example 2.1. We use the Chinese Remainder Theorem to find a solution to the

system of linear congruences.

r = 1(mod5)
r = 2(mod6)
r = 3(mod7).



The moduli are relatively prime, as required by the CRT. Let p; =5,p, =6,p3 =7

and P =5-6-7=210. Let a; be the remainders

CL1:1
CL2:2
a3:3.

Next, we want to find some b; such that p;b; = 1(mod p;). So, we solve for by, by,

and bs, obtaining

Bbl = 1(mod5)
b1
42b; = 1(mod5)
2b; = 1(mod5)
bl - 3
P
—by = 1(mod 6)
P2
35b = 1(mod 6)
5by = 1(mod 6)
bg - 5
P
—bg = 1(mod?7)
D3
30bs = 1(mod7)
2b3 = 1(mod7)
by = 4



Next, we generate the solution to the system by evaluating the summation that

3
was constructed in the proof of the CRT. So, let z = ) fbiai = 836. Then,
i=1""

x = 836(mod 210)

206(mod 210).

Therefore, the solution to the system will be any number in the form 206 + 210n,

where n is an integer.



Chapter 3

The Monochromatic Column Prob-

lem

The Monochromatic Problem for some prime number of colors, ¢, will be
partially solved. In the color matrix (¢;p1,...,Pn;0,1,...,q — Lit1, ..., t—1), We
want to count the number of monochromatic columns. The first proposition will
solve the case where our p; are congruent modulo ¢q. The second proposition will
solve the case where, given b; # by, all p; are congruent to either b, modulo g or
b, modulo ¢. Lastly, the third proposition will solve the case where we already
know the number of monochromatic columns for a color matrix associated to a
set of positive pairwise coprime integers pi,...,p,_1 of which none are divisible
by ¢ and we want to find the number of monochromatic columns of a matrix
associated to positive pairwise coprime integers py,...,p, where p,|q. After the
third proposition, a counterexample is presented that shows that there is no general

solution using the same method that was used in the propositions.

Proposition 3.1. Let ¢ be a prime number, s € {1,...q — 1}, and n be a
positive integer. Let p,...,p, be positive, pairwise coprime integers such that
pi = s(modgq), to,...,t; be integers that satisfy 0 =ty < --- < t, = n, and

N = N(Q;plap%"'7pn;0717”'7q_ 1;t17"'7tq—1)' Then

q—1 q—1 tp+1
i — S s — (B8 4+ p;s) mod + p;s) mod g —1
N=gq HHpq _i_{ (B + pis) CIJ_i_L(ﬁ pis) q J+1‘

B=0 p=0i=tp+1 q q



Proof. Let P = pipay---pyn. Let A be the (¢;p1,p2,...,00;0,1,...,¢ — Lity, ..., tg—1)

color matrix. Denote the initial color of row ¢ by p;. By definition,

—1
a; = (VP‘ J +pi> mod gq.

j});lJ calculates the number of

(3

This calculates the color of the element because {
complete blocks that the element is away from the beginning of the row. The
number of blocks is added to the starting color of the row, p;, and then taking this
modulo ¢ gives the color. We will first show that if column j is monochromatic,
then a column some multiple of P away is also monochromatic.

Let 1 <ip <ip<n,1<j<Pand 0<a<qg-—1. Since p;, = p;,(mod q),

j—1 aP+j—1
] + Piy — \‘p—J - pu)
1

aP V—lJ)

DPiy Diy
i—1] aP {‘HD
L pi2 i pig piz

j—1 Lapﬂ—w )
+piy — || — i
i Dis

(ail,j - ail,aP+j) =

Il
S~ N7 N7 N7 N
' <
F
- —
L

(@in,j — Qiyapyj) mod q.

This shows that if column j is monochromatic, then so is column aP + 7. Hence,
it suffices to count the number of monochromatic columns in the first P columns
of A and multiply by q.

Since py, ..., p, are pairwise coprime integers, the Chinese Remainder The-
orem guarantees a unique j € {1,2,..., P} such that j = v; mod p; for each
i € {1,2,...,n}. So, by the CRT, there is a one-to-one correspondence between
an n-tuple, (v1,va,...,v,), such that 1 < wv; < p; and the set {1,2,..., P}. Thus,
the mapping of a column j € {1,2,..., P} to (kij, koj,...,k,;) is a one-to-one
correspondence. If we can identify the n-tuples that map to a monochromatic

column, then we can count the number of monochromic columns.



Now, for 1 <i<mand1<j <P, since k;; =7 —bip;i =75— (G —1)/p:i] pis

the color in entry ¢, j is

—1
ai; = (VP‘ J+pi> mod ¢

—kz
Q55 = <j J —i—pz) mod q.

pi

So, ki; = j — a;jp; + pipi(mod ¢q). Since p; = s(mod q), we have that k;; = j —
a;;s + pis(mod q).

Let j € {1,2,..., P}, and define 8 = (j — ay;5) mod ¢. Then, column j is
monochromatic if and only if k;; = 8 + p;s(modq) for all i € {1,2,...,n}. So,

setting z; = (k"jf((’m;’is) med9) e have that 1 < gz; + (8 + p;s) mod g < p; or,

1 (54pss) mod q pi—(Btpis) modq _ pi—s  (B+pis) mod g—s
q S@ s g = q

equivalently, , where x;

is an integer. Now, by Lemma 2.1, the number of integer solutions to

q

[1—(6+m8)m0dqw<x<{pi—s (6+pi8)m0dq—8J
N R q

18

Lpi—s (5+p¢8)m0dq—SJ B [1—(5+pi8)m0dqw i1

q q q
_ Pz‘—SJF{S—(BJrPiS)monJJFL(ﬂvaiS);nodq—lJJrl.
q q

Summing over the ¢ possibilities for 5, multiplying the number of solutions for each
row, and multiplying the sum by ¢, we find that the number of monochromatic

columns in A is

N:qq—lﬁ tij[l pi—5+r—(ﬂ%—ps)moqu_F{(ﬁ—i—ps)modq—lJ 1

B=0 p=0i=t,+1 q q q

[]

10



Remark 3.1. Note that the expression {MJ + {MJ in the

previous proposition is either —1 or 0.

Proposition 3.2. Let q be a prime number, by,by € {1,...,q — 1} such that
by # by, and n and h be positive integers such that 1 < h < n. Let p1,...,pn
be positive, pairwise coprime integers such that p; = by(modgq) for 1 < i < h
and p; = by(modgq) for h+1 < i < n, and to,...,tay, be integers that satisfy
0=ty < - <t,=h<ty < ---<ty=n. Let N=N(¢pi,...,pn;0,...,q—
1,0,...,q—1;ty,...,tag—1). Then

q=1 =lg(s—1)+p+1

q—1 g—1 2
i_bs bs —\Ps bs mod s bs mod —1
N=S STIO 1I @q +L (Gepbe) qJ+{w+p) g+g J)

. q
B1=0 B2=0 s=1 p=0i=tys_1)+,+1

Proof. Let P = py---p,. Let A be the (¢;p1,p2,---,0n;0,...,g — 1,0,...,q¢ —

1;t1,...,ta—1) color matrix. Denote the initial color of row i by p;. By definition,

) — 1
ajj = (VP' J +pi> mod gq.

This calculates the color of the element because Vp;llJ calculates the number of

complete blocks that the element is away from the beginning of the row. The
number of blocks is added to the starting color of the row, p;, and then taking this
modulo ¢ gives the color. We will show that if column j is h-bichromatic, then a
column some multiple of P away is also monochromatic..

Let 1 <ip <ip<h,1<j<Pand0<a<qg-—1. Since p;, = p;,(mod q),

j—1 Lapﬂ—w )
i~ || i
Diy

aP {j - 1J>

Diq Diq
j—1| aP Lj_1J>
L Dip | Dis Diy

j—1 aP+j—1
+pip = || — P
L Dis Diy

= (@i,,j — Qip,ap+;) mod gq.

(ail,j - ail,aP+j) =

Il
7~ N/ N7 N 7/
' <
S
. —
L

11



Similarly, if h+1 <iy <iy <n,1<j< P, and 0 < a < ¢ — 1, then

(@iyj — @iy apys) MmOd ¢ = (@iy 5 — Giyapyy) Mmod q.

This shows that if column j is h-bichromatic, then so is column aP + j. Next,
we show that if j is h-bichromatic then one and only one of the columns j, P +
7,...,qP + 7 is a monochromatic column.

Let j € {1,2,..., P} and assume column j is h-bichromatic. Let us denote
by the order pair (c,, ¢;) the entries of an h-bichromatic column where a;; = ¢, for
alli e {1,...,h} and a;; = ¢; for alli € {h+1,...,n}. Observe that if ¢, = ¢; then
we have a monochromatic column. Let r, = P/p; mod ¢ and r; = P/p, mod q.
Since p; = p; mod ¢, we have that r, = P/p; mod ¢ for i € {1,...,h}. The value
of r, when ¢ € {0,...,q — 1} then tells us how the color is changing as we move
P columns over. In a similar way, r; governs how the lower part changes.

Now, the solutions to the congruence ¢; + ar; = ¢, + ar,(mod ¢) will tell us
which columns in the list 7, j+p, ..., j+ (¢—1)P are monochromatic. By Lemma

2.1, 7971 = 1(mod q), so

¢ — ¢y +ar;—ar, =0mod ¢
¢ — ¢y +a(rp—r,) =0mod q
(¢ — c,)r"? +a=0mod q

a = (c, —c)r"? mod q.

Hence, there is one solution which shows that one and only one of the columns
J,j+ P,...,5 4+ (¢ — 1)P is monochromatic. So, the number of h-bichromatic
columns in the first P columns is the number of monochromatic columns in the
whole matrix.

Now we count the number of h-bichromatic columns in the first P columns.
Similarly to what was done in the proof of Proposition 3.1, it can be shown that

for any column j, we have k;; = j — bia1; + bip; mod g, for ¢ € {1,...,h} and

12



kij = j — boan; + bop; mod g, for i € {h+1,... ,n}.
Let 1 < j < P, = j—bay, and By = j — bsay ;. Then, column j is

h-bichromatic if and only if k;; = (1 + bipi(modgq) for all ¢ € {1,...,h} and

kij—(B1+b1p;) mod ¢
q 7
1=(Bitbipi) modgq -
q S

kij = B2+ bapi(modq) for all i € {h+1,...,n}. So, setting z; =

we have that 1 < qz; + (81 + bip;) mod ¢ < p;, or equivalently,

, where x; is an integer. Now, by

) pi—(B1+bipi) modgqg _ pi—1 (B14b1p;) mod g—1
Ti S q - g q

Lemma 2.1, the number of integer solutions to

F — (81 + bip;) mod Q—‘ <z< {pz‘ —b pi— (81 + bipi) mod QJ
q q q

18

Lpz-—bl (Bt bps) modq—le B F— (81 + bip;) mod qw +1
q q q
_pi—b N {bl — (B1 + bip;) mod qJ n L(ﬁl + b1p;) mod ¢ — 1J Y

q q q

and therefore the number of solutions for k;; for ¢ € {1,2,... h}. Similarly, the

number of solutions to

F — (P2 +52P¢)-‘ cg< {pi —by (B2 +bapi) modq—ng
q - q q

18

V’i — by B (B2 + piba) modq—ng B F — (B2 + pib2) mod qw 1

q q q
_bi— by n V)z — (B2 + pibz) mod CIJ n {(52 + pib2) mod q — 1J 1
q q q
and therefore the number of solutions for k;; for i € {h+1,...,n}. Similar to the

proof in Proposition 3.1, by the CRT we know there is a one-to-one correspondence

between j € {1,...,P} and (ki,,...,k,;). Summing over the ¢ possibilities for

13



both ; and (5 and multiplying the number of solutions for each row, we obtain
the count of A-bichromatic columns in the first P columns of A and hence the

desired expression for the count of monochromatic columns in A:

N<A) _ qg—1 g-1 (sz_bl \‘bl_ﬂl mOqu n \‘51 modq+q_1J>

B1=0 B2=0 q q

q q q

y (f—[ pob {51—(514-1)1710qu_i_{(ﬁl%-l)modq%—q—lJ)

i=t1+1

« i pi—b1+{bl—(ﬁl+q—1)moqu+{(ﬁl+q—1)modq+q—1J
e q q

" tﬁpi—bz+{bQ—ﬁzmoquJrvzmoqurq—lJ
Iioa q q

y ﬁ pl—bg V)Q—(ﬁquq—l)moqu_i_{(52+2)m0dq+q—1J

q q

i=t2q—1

—1 1=tg(s—1)+p+1 b bs—(Bs+pbs) mod (Bs+pbs) mod g+g—1
ZZHH H (pz;s+Ls qus qJ_i_\‘sPsq QQJ>_ D

B1=0 B2=0 s=1 p=0i=t (511 ,+1
For our next case, we assume that we know the number of monochromatic
columns for a color matrix B. Now, we will add another p; that is congruent to q.
So, our possible colors are 0,1,...,¢— 1. Since we assume that the p; are pairwise
coprime, there is at most one. The following proposition will compute the number

of monochromatic columns.

Proposition 3.3. Let n be a positive integer such that n > 2, q be prime, and
D1, - .-, Dn be positive, pairwise coprime integers such that q | p,. Let B be a color
matriz associated with pairwise coprime integers pi,...,pn_1. Let A be a color
matrix associated with pairwise coprime integers pq,...,pn, where the first n — 1

rows of A are p,, copies of matrix B. Then

N(A) = %N(B)

14



Proof. Let P = pipy---p,. Denote the initial color of row ¢ in the A matrix by
pi- The color entries of the A matrix is given by a;; = Q]p;lJ + pi> mod ¢, and,
by definition, b;; = VP;ZIJ and k;; = 7 — byp;. We will show that if column j
is (n — 1)-bichromatic, then a column some multiple of P away from j is also
(n — 1)-bichromatic.

Let1§i§n—1a1§j§P,andOgozgq—l.Sinceq|§,

— 1 aP+j5—-1
(aij — Giapyj) mod ¢ = (V - J + pi — Lp—]J — pi> mod ¢
= — — mod q
bi bi pi
P
= (_a ) mod q
bi

= 0 mod gq.

Let r = (—P/pn) mod q. Note that r # 0(mod ¢). So,

— 1 aP+45—-1
(an,j - an,aP+j) mod ¢ = <V J + pn — {p—]J — pn> mod gq.

(15 )5 157)
= - — = mod ¢
Pn Pn Pn
= <—@> mod ¢
Pn

= (ar)mod g.

From what we have just shown, P + j is also (n — 1)-bichromatic.

Let 7 € {1,2,..., P}, and assume column j is (n — 1)-bichromatic. In a
similar fashion to the proof of Proposition 3.2, one and only one of the (n — 1)-
bichromatic columns j, P + j,...,aP 4 j is monochromatic. So, the number of
(n—1)-bichromatic columns in the first P columns is the number of monochromatic
columns in the whole matrix. Then the first n — 1 rows of A can be viewed as p,
copies of matrix B side by side. So the number of (n — 1)-bichromatic columns in

Ais p,N(B) and hence N(A) = (p,/q)N(B). O
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We have shown three specific cases where the number of monochromatic
columns can be determined. The first proposition counted the number of monochro-
matic columns when all pq, ..., p, were congruent to s mod ¢. The second propo-
sition counted the number of monochromatic columns where all pq,...,p, were
congruent to either by (mod ¢) or by(mod ¢). In the third proposition, we assumed
that we knew the number of monochromatic columns in some matrix B, and then
we found the number of monochromatic columns in matrix A, which was a matrix
generated by adding p, to matrix B. In the propositions, we found that when
we have a bichromatic column, then as we keep moving P columns over, even-
tually our colors will line up and we get a monochromatic column. So, we were
able to count the number of bichromatic columns in the first P columns and that
was equal to the number of monochromatic columns in the whole matrix. This
technique does not work for all cases. If we have pq,...,p, that are congruent
modulo ¢ to by, by, b3, then we would have to come up with another method. The
following is a counterexample that shows that if we have pq, ps, ps that are not
congruent modulo ¢, then as we move P columns over throughout the matrix we
will never get a monochromatic column. Hence, we are unable to count the num-
ber of columns with three colors in the first P columns and say that there will be

that number of monochromatic columns in the entire matrix.

Example 3.1. Let (5;2,3,11;0,1,3;1,2) be a color matrix. Then P = 66 and we
have a 3 x 330 matrix. A column is monochromatic if a1; = ag; = as;.

The first few columns of our color matrix would look like

001122334400...
111222333444... 1.
333333333330...

As used in the propositions, r; = P/p; mod ¢. For our three rows,
r1 = 66/2 mod 5 =3 mod 5
re = 66/3 mod 5 = 2 mod 5
r3 =66/11 mod 5 = 1 mod 5.
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The values for rq,79, and r3 tell us how the color is changing as we move P
columns over. For example, in row one each color is repeated twice. Over the
first P columns, our color would change 33 times and 33 modulo 5 is 3, which
means that our color changes three times as we move P columns over. The matrix
below shows the columns 1, 67, 133, 199, and 265, respectively, which are each a
multiple of P away from our first column. We see that none of these columns are

monochromatic.

O... 3...1...4...2...
1...3...0... 2... 4...
3...4...0..0 1.0 2.,

In our propositions, we showed that when we have a bichromatic column in
one of the first P columns, then some column j + aP will be monochromatic. So,
the number of bichromatic columns in the first P columns would be equal to the
number of monochromatic columns in the matrix. We see in this example that
there is not a column j + aP that is monochromatic. Therefore, we cannot find
the number of columns composed of three colors in the first P columns and say

that there will be that number of monochromatic columns in the entire matrix.
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Chapter 4

Conclusion

In conclusion, the Monochromatic Column Problem was partially solved for
a prime number of colors. First, a solution was provided for the case where
all p; are congruent to s(mod ¢). Then, a solution was provided where all p; are
congruent to b;(mod q) or by(mod ). Finally, a solution was provided where we
assume we know the number of monochromatic columns in some matrix B and we
add p, that is congruent to q. However, we cannot generalize this for all scenarios
because a counterexample was given demonstrating that the method used in the
three propositions fails. Finding a general solution for some prime number of colors
is an open problem. For a composite number of colors, the problem is completely

open.
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